BLOCK SEPARATIONS AND INCLUSIONS

CHRISTINE BESSENRODT, JIPING ZHANG

ABSTRACT. We investigate the separation of characters by blocks at dif-
ferent primes and the inclusions of g-blocks in p-blocks (viewed as sets of
characters), and use these notions to prove results on the structure of the
corresponding groups. In particular, we provide a new criterion for the
nilpotence of a finite group G based on the separation by principal blocks,
and we show that a condition on block unions has strong structural conse-
quences.

1. INTRODUCTION

In one of his last papers [B], Richard Brauer explicitly stated the problem
that had interested him for a long time and had been the motivation for the
development of a large part of the p-modular representation theory of finite
groups:

Given a prime p. We wish to find the relations between the properties of
the p-blocks of characters of a finite group G and structural properties of G.
In the p-modular theory, only the case is of interest where the prime p divides

the order |G| of G.

Now, when one is interested in obtaining results on the structure of G, one
may also choose different primes dividing the group order and study the cor-
responding local situations. While a lot of theory has been developed for the
situation of a fixed prime p, the comparison of the behavior at different primes
has not received so much attention; only in more recent times this topic has
been studied in more depth, and the present paper contributes to this. In
[BMO], the idea of separability of characters by blocks at different primes has
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been introduced. This has motivated and initiated subsequent investigations
by several authors and a number of deep results have already been obtained.
If G is a finite group, we denote by Irr(G) the set of irreducible complex
characters of GG, and by 7(G) the set of primes dividing the order of G. As
defined in [BMO], for p € 7(G), we call two characters in Irr(G) p-separated if
they are contained in different p-blocks of G; we denote by B,(x) the p-block
of G to which y € Irr(G) belongs. If 7 is a subset of 7(G) we say that Irr(G)
is m-separated if any two irreducible characters are p-separated for some prime
p € m, i.e., we have

ﬂ Irr(By(x)) = {x}, for all x € Irr(G) .

pe™T
We denote as usual by By(G), = B,(1s) the principal p-block of G. Then we
say that Irr(G) is principally m-separated if

(1 (Bo(@),) = {1} -

pE™T
If 7 = 7(G), we just call Irr(G) separated or principally separated, respectively.
It is evident that if Irr(G) is m-separated then Irr(G) is principally 7w-separated,
but it is not clear when the converse holds (see the final section).

This trivial intersection property is a crucial phenomenon. In the spirit of
Brauer’s problem, we will prove the following nilpotency criterion using the
concept of separation:

Theorem 4.1. A finite group G is nilpotent if and only if Irr(G) is principally
{p, q}-separated for any two different primes p, ¢ € 7(G).

In fact we prove something more general from which this theorem follows.

We will also investigate the phenomenon of principal block inclusions and the
stronger condition of the bigger block being a union of smaller blocks for an-
other prime. This leads to the following structure theorem:

Theorem 5.1. Let G be a finite group and p and ¢ two different prime divisors
of the order of G. If Irr(By(G),) = U;Irr(B,(G)"), where By(G), is the principal
p-block of G and B,(G)"’s are g-blocks of G, then the following hold true for G:
(1) Op(G) < Oy (G),
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(2) each component of G/O,(G) is either of ¢’-order or of type L with p =2
or 3 where L is among 8 sporadic simple groups (see section 5 for the details).

2. SOME PRELIMINARY RESULTS

In this section we collect some results that will be needed later. For some
required results on the relationship between blocks of a group and certain
factor groups or normal subgroups, respectively, we refer to the book [NT].

Proposition 2.1. Let G be a finite solvable group, @ C w(G). Then Irr(G) is
principally w-separated if and only if G = 11,0y (G).

Proof. Set N = I,:Oy(G). As G is solvable, Irr(G/N) is contained in
Irr(By(G),) for any prime divisor p of the order of G. By definition, Irr(G) is
not principally m-separated if and only if there exists 1 # x € [ . Irr(Bo(G),),
which is equivalent to N being a proper subgroup of G. We are done. U

Lemma 2.2. Let G be a finite simple group of Lie type of characteristic p and
x an automorphism of G of p'-order. If x centralizes a Sylow p-subgroup U
of G then z = 1.

Proof. Since G is a finite simple group of Lie type of characteristic p, G has a
split (B, N)-pair. If necessary replace x by its conjugate we may assume that
B =UH and BN N = H where H is the so-called Cartan subgroup of GG. Let
¢ be the rank of the (B, N)-pair. Then G has ¢ minimal parabolic subgroups
P;’s containing B, 1 = 1,2, ..., /.

Suppose first that ¢ > 2. Then by [G, Prop. 2.18, p. 78] P, is a proper subgroup
of G and G = (P, P, ..., P). Set U; = O,(P;) then P, = U;L; where L, is the
Levi subgroup such that U; N L; = 1 and L;/Z(L;) is a group of Lie type of
characteristic p with rank 1. Since U; is a nontrivial normal subgroup of U, the
normalizer Ng(U;) of U; in G is an z-invariant parabolic subgroup of G con-
taining P; and thus B, with F*(Ng(U;)) = O,(Ng(U;)) (where F* of a group
denotes its generalized Fitting subgroup). Thus Cn,w,))(Op(Ne(Ui)))
Z(0y(Ng(Uy))) x (x). It follows that (z) is normal in Ng(U;)(z) and Ng(Uj;)
(x) = 1 which imply that [z, Ng(U;)] = 1 and [z, P;] = 1 for any 4, so [z, G] =
and r = 1.

— O

For ¢ = 1, by [G, Theorem 3.39, p. 168] G is isomorphic to one of following
groups: PSL(2,p"), PSU(3,p"), Sz(2™) or 2G5(3™) where m is odd at least 3.
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The Cartan subgroup H is now a self-centralizing subgroup of G such that
N = Ng(H) and N/H is the Weyl group (of order 2). Note that Ng(U) > B
is z-invariant and thus x centralizes B by noticing that U is self-centralizing in
G, then N is z-invariant and centralized by x. Finally we see that G = BN B
is centralized by x and therefore x = 1, we are done. 0

Lemma 2.3. Let G be a finite group and p, q two different primes in ©(G). If
Irr(By(G)q) C Irr(By(G),) then Irr(By(G/N),) C Irr(Bo(G/N),) where N is a
p-subgroup of G contained in the center of G.

Proof. Note that Irr(By(G),) = Irr(Bo(G/N),). For any x € Irr(Bo(G),),
N < Ker(x), so x € Irr(By(G/N),) and Irr(By(G/N),) C Irr(Bo(G/N),). O

The following observation will later be useful:

Lemma 2.4. Let H and K be two finite groups such that H N K is contained
in Z(H) N Z(K) and is cyclic of p-power order. Set G = (H x K)/Z where
{(y,y) : y € HN K}, i.e., G is a central product of H and K. If
Irr(Bo(H),) = Ui<icmIrr(By(H)Y) and Irr(By(K),) = Ui<i<yIrr(B,(K)?), then
(Bof
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m,1 <t <n such that Z is contained in the kernel of the g-block B,(H)® ®
By(K)!, i.e., By(H)®* ® By(K)" is a g-block of G.

3. BLOCKS OF SIMPLE GROUPS

3.1. Alternating groups. As usual, we denote the complex irreducible char-
acter of S, labelled by a partition A by [A]. Restricting this to A,,, we obtain two
associate irreducible characters or one selfassociate character of A,,, depend-
ing on A being symmetric or not, respectively. We denote the corresponding
irreducible (self-associate) character of A,, labelled by a non-symmetric parti-
tion A by {\} resp. the pair of associate irreducible characters labelled by a
symmetric partition A by {A}+.

We quote the following useful result from [Be| which we will use throughout in
the subsequent arguments without further mentioning.

Lemma 3.1. Letn > 4, p be a prime, p < n.
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(i) Let X\ = (n—k, k) be a two-part partition of n. Then {\}) € Irr(By(An)p)
if and only if p | (n — k + 1)k or we have: n =2, and n —k = k or
k—2,and k#0#n—k+1 (mod p).

(ii) Let A = (n—k, 1%) be a hook partition of n. Then {A}x) € Irr(By(A,),)
if and only if p | nk(n —k —1).

For later purposes, we will need a special case of the following result; note

that the corresponding result for the symmetric groups was already proved in
[BMO].

Proposition 3.2. Let n > 4. Let p,q < n be two different primes. Then
Irr(Bo(An)p) N Irr(Bo(An)g) # {14, }-

Proof. Write n = sp+a =tq+b witha € {0,1,..,p—1}, b€ {0,1,...,q — 1}.
We may assume that a > b; note that then 0 < b+ 1 < p. We claim that
also b+ 1 <n—p. Indeed, if b+1 >n —p, then a > b > n — p > a implies
a=b=n—pand thus p=n—a =n—b = tqg, a contradiction. Hence we
can consider the character x = {n —p,b + 1, 1p’(b+1)}(i); this belongs to both
By(Ay), and By(A,,),. Furthermore, y is non-principal except in the case where
n =p+ 1 =tq. In this latter case we choose the character {n —¢,2, 172} ;
note here that n > ¢ + 2 since ¢ = n = p + 1 leads to the contradiction
n=3. 0]

Remark 3.3. Note that on the other hand, as a consequence of [BMO, Cor.
2.7] the irreducible characters of all alternating groups A,, n > 5, are princi-
pally separated.

For the principal block containment for the symmetric and alternating groups
we have the following result:

Proposition 3.4. Let n > 3, and let p,q < n be two different primes.
(i) Then Irr(By(S,),) < Irr(Bo( w)p) if and only if we have (n,q,p) =
(37273)0 (nqp):( )
(ii) Then Irr(Bo(A,),) C Irr(Bo( n)p) if and only if we have (n,q,p) =
(37273) or (n 4, p) = (4 3, 2)

Proof. (i) By [OS], such a nontrivial block inclusion only occurs when the
smaller block is of weight 1, and its g-core is “good” with respect to p. As
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the g-core is of the form (a), with n = rq+a, a € {0,1,...,q — 1}, using the
abacus we see that it is p-good only in the stated cases. In fact, in these cases,
the bigger block is the whole set Irr(G).

(ii) In the stated cases we clearly have a block inclusion. Now we have to show
the converse, and we may assume that n > 5. If p = 2, then the assertion
follows from the result for S, as in this case each 2-block of A,, is covered by
exactly one 2-block of S,,. Thus we can now assume that p > 2.

We claim that ¢ > p. If this is not the case then ¢ < p. If pg|n then {n —
¢,q} € Irr(Bo(An)q) \ Irr(Bo(A,),) , which is a contradiction. So pg does not
divide n. If p f n(n — ¢ — 1), then {n — ¢, 19} € Irr(By(An)q) \ Irr(Bo(A4,),),
a contradiction. Now suppose that p does not divide n. So p|(n —q —1). If
g|n then {n — ¢ — 1,19} € Irr(By(An),) \ Irr(Bo(A,),) , which is impossible.
Thus ¢ does not divide n. Since p|(n —q¢—1),g<p<n—qg—1,n>2q¢+ 1.
Now {n — 2q,1%7} € Trr(By(An),) \ Irr(Bo(Ay),), again a contradiction.

Thus p|n and ¢t n. Since p > ¢,n — ¢ > 1. If n < 2q, then ¢ > 3 and we see
that {(n —¢q)?, 127"} € Trr(Bo(An),) \ Irr(Bo(An),). So n > 2q. Note that p|n
and p{ (n — ¢+ 1), then {n — q,q} € Irr(Bo(A4,),) \ Irr(Bo(An),), which is a
contradiction. The contradiction proves the claim. Thus ¢ > p.

We assume first that p f n. Note that p > 2. If p{ (n—¢—1), then Irr(By(A4,),)\
Irr(By(A,),) is not empty, so p|(n — ¢ — 1). If gJn then {n —q — 1,197} €
Irr(By(An)q) \ Irr(By(A,),), which contradicts the assumption. Thus ¢  n. If
q|/(n—p—1) and n > 2p+4 then {n—p—2,p+2} € Irr(By(An),) \Irr(Bo(A4,),),
a contradiction. So if g|(n —p—1) thenn < 2p+3 and son =p+q+ 1.
Ifn=qg+p+1let \=1{4,2192} forp =3 and {p+ 1,d,197¢} for p > 3
where 0 < d < p such that d = 2 if ¢ = 1 and d = ¢(mod p) otherwise, then
A € Irr(By(An)g)\Irr(Bo(An),) , which is a contradiction. Thus g { (n—p—1). If
n > 2q then {n—2¢, 1%} € Irr(By(A,),) \Irr(Bo(A,),) (note that p|(n—g—1)),
a contradiction. So n < 2¢g since gt n. Let ¢ =tp+r with 1 <r <p-—1
then n = (u+t)p+r+1. Now {n —q,r, 17"} € Irr(Bo(An),) \ Irr(Bo(An)p)
if2<r<p-—1land {n—¢q2,172} € Irr(By(A4,),) \ Irr(Bo(A,),) if r =1, a
contradiction.

Thus p|n. Now we have n # 2¢,q > p > 2. If n = ¢+ 1 then {n — 2,2} €
Irr(By(An)g) \ Irr(By(Ay),). So we assume in the following that n > ¢+ 1. We
see now that {n—gq, 2,192} € Trr(By(A,),) \Irr(By(A,),) (note that n—q # q),
which is a contradiction. U
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Note that in all the exceptional cases above, the bigger block is the whole set
of irreducible characters.

3.2. Sporadic groups. We collect a number of block separation and block
inclusion properties.

Proposition 3.5. All instances of a sporadic simple group S and a trivial
intersection Irr(By(S)), N Irr(By(S)), = {1s} are listed in the following cases:
(a) Jy withp =3, ¢ =>5.
(b) Jy withp=75,q=T1.

Proof. This was checked using [Gap] . O

Remark 3.6. Note that on the other hand, as in the case of the simple alter-
nating groups one finds with [Gap] for all sporadic simple groups S:

N x(B(S),) = {15}
pem(S)
Proposition 3.7. All instances of a sporadic simple group S and primes
p # q dividing the order of S where an inclusion Irr(By(S)), C Irr(By(S)),
holds, are listed in the following table; moreover, all instances of equalities

U, Ire(B(S));, = Irx(By(S)), are marked by a star.

group | (¢, p)
My (5,3)*
M22 (372)*7 (572>*7 (77 2>*
M24 (372)*7 (572>*7 (77 2>*
J3 | (5,2)
Ju (3,2)*, (5,2)*, (7, 2)*, (7,11)
Coy (11,2)
002 (7, 2)*
Fiog (5,3)
F3+ | (11,3)
Ly | (11,5)
B (11,2), (23, 2)*
M (23,2)*

Proof. This was computed using [Gap] . O
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3.3. Finite simple groups of Lie type.

Proposition 3.8. Let T be a finite simple group of Lie type and of character-
istic r. Then, for any prime divisor ¢ # r of |T'| we have

Irr(Bo(T'),) N Irr(Bo(T),) # {11} .

Proof. By [Br|, By(T'), contains at least three different irreducible characters;
but then the result follows as By(T'), contains all irreducible characters except
the Steinberg character. 0

Remark 3.9. In contrast to the previous situations, [BMO, Cor. 4.4] gives
the (few) simple groups G of Lie type where the irreducible characters are not
principally separated (and corresponding non-principal characters not separa-
ble from the principal character).

Proposition 3.10. Let T' be a finite simple group of Lie type. Then no prin-
cipal p-block of T is a union of q-blocks of T, for different primes p,q € w(T).

Proof. Let r be the characteristic of 7. As proved in [BN, Theorem 3.3], we see
that Irr(By(7')s) is not contained in Irr(By(T);) for any two different primes s,
t € m(T) with s # r #t. Thus p =r or ¢ = r. Since T has only two r-blocks,
one principal and another of defect zero containing only the Steinberg character
St of r-power degree, and note that 7" has more than one ¢-block, we have p = r.
Let B, be a ¢g-block of T" such that St € Irr(B,) then B, is not of defect zero and
thus |Irr(B,) N Irr(By(T'),)| > 1. But Irr(B,) is not contained in Irr(By(T),),
which contradicts the assumption that Irr(By(T),) = U;Irr(B,(T)"). O

4. NILPOTENCE AND SEPARATION

As explained in the introduction, obtaining information on the structure of a
group in terms of its representations is very much in the tradition of R. Brauer.
A celebrated result of this type is the theorem by Thompson on the p-nilpotence
of a finite group [Th]. We provide here a characterization theorem:

Theorem 4.1. A finite group G is nilpotent if and only if Irr(G) is principally
{p, q}-separated for any two different primes p,q € 7(G), i.e.,

(B (G)) N Ix(Bo(G),) = {16}
for any two different prime divisors p, q of the order of G.
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The theorem is a direct corollary of the following proposition.

Proposition 4.2. Let G be a finite group and p a prime divisor of the order
of G. Then Irr(By(G),) NIrr(By(G),) = {1a} for any prime q # p with q||G|
if and only if G = P x Oy (G) where P € Syl (G).

Proof. If G = P x O,(G) then P < O4(G), where ¢ # p, thus for any x €
Irr(By(G),) NIrr(By(G),) both P and O, (G) are contained in the kernel of x.
Hence xy = 1.

Now we prove the “if only” part. If the result is not true let G be a minimal
counterexample. For any minimal normal subgroup N of G we see that G/N
shares the separation property of G, and the minimality of G implies that
G/N = (PNH)/N where both PN and H are normal subgroups of G, and
N = HN(PN). Furthermore N is the only minimal normal subgroup of G and
the Fitting subgroup F(G) is an r-group for some prime r. If F*(G) = F(G)
then G has only one r-block, the principal r-block By(G),, which in turn implies
either Irr(By(G),) C Irr(Bo(G),) if p = r or Irr(By(G),) C Irr(By(G),) if
p # r, where prime ¢||G| and ¢ # p. This is contradictory to the assumption
on G. So F*(G) # F(G). Let E be the layer of G then F*(G) = EF(G).
Note that Z(F) = EN F(G) and E/Z(E) is the direct product of nonabelian
simple groups. If Z(F) # 1 then P is normal in G, as Z(FE) is contained in
the Frattini subgroup of E and thus that of G. It follows immediately that
G = P x K where K is the complement of P in (G, a contradiction. Therefore
Z(E) =1 and F*(G) = E x F(G), Since G has only one minimal normal
subgroup, F'(G) =1 and thus F*(G) = N is the direct product of subgroups
S; isomorphic to a nonabelian simple group S.

Suppose S is a simple group of Lie type of characteristic r. Let ¢ be any prime
divisor of | S| not equal to r. Then by [Br] |Irr(By(S),)NIrr(By(S),)| > 2. Since
blocks of N are the tensor product of blocks of S;’s, Irr(By(N), ) NIrr(By(N),) #
{1nx}. Thus N is a proper subgroup of G. For any r-block B of G covering
By(N), a Sylow r-subgroup R of F*(G) is contained in the defect group D of
B. Now there exists an 7’-element x in G such that D € Syl (Cg(z)). From
[z, R] = 1 we see that z normalizes each normal subgroup of N isomorphic
to S, then by Lemma 2.2, z = 1. Therefore D is a self-centralizing Sylow r-
subgroup of G and By(G), is the only r-block covering By(N),.. So, if p = r then
|Irr(Bo(G),) NIrr(By(G),)| > 2 with ¢ # p and ¢||S|, and if p # r, then either
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Irr(By(G),) C Irr(By(G),) for p prime to |N| or |Irr(By(G),) NIrr(Bo(G),)| > 2
for p||N|, all are contradictory to the separation assumption on Irr(G).

Suppose S = A,(n > 5). In fact we have |Irr(By(A,)2) NIrr(Bo(An)q)| > 2 for
any prime 2 < ¢ < n: Let A = (¢™) if n = mq, let A = ((d + 1)2, 1772d+D) if
n = mq+d with 0 < d < ¢, then 1 # {A} ) € Irr(By(A,)2)NIrr(Bo(Ay,)g). Now
\Irr(Bo(G),) NIrr(By(G)2)| > 2 if p # 2 and |Irr(By(G),) NIrr(By(G)2)| > 2 for
p=2and any ¢ with 2 < ¢ <n. If p > 2 with (p, |N|) = 1 then Irr(By(G),) C
Irr(By(G)2), since Irr(By(G)s) is the only 2-block covering Irr(By(V)s).

Now we consider the case where S is a sporadic simple group. Then the
Sylow 2-subgroup of S is self-centralizing in S. For a Sylow 2-subgroup R
of N, Cs(R) is a 2-group. Thus By(G)y is the only 2-block of G covering
Byo(N)y. If (p,|N|) = 1 then p > 2 and Irr(By(G),) C Irr(Bo(G)2), which is
contradictory to the assumption. Thus p||N|. By Proposition 3.5, we see that
[Irr(By(N)2) N Irr(By(N),)| > 2 where ¢ is a prime divisor of | V| such that
q>2ifp=2and g =pifp > 2. Thus we have |[Irr(By(G)2) NIrr(By(G),)| > 2,
again contradictory to the assumption. We are done. 0

The following corollary is immediate.

Corollary 4.3. A finite group G is nilpotent if and only if Irr(G) is {p, q}-
separated for any two different prime divisors p and q of the order of G.

Remark. A variation of our original proof of Theorem 4.1 and a little bit of
p*-theory was used by Wolfgang Willems (in an unpublished note) to show that
a trivial intersection of the principal p-block with all other principal g-blocks
implies p-nilpotency.

5. BLOCK INCLUSIONS

In [BN] it was shown that for a finite group G and two primes p, g, the equality
Irr(By(G),) = Irr(Bo(G),) can only hold in the trivial case when p, ¢ do not
divide the group order, thus confirming a conjecture by Navarro and Willems
[NW] in the case of principal blocks. While the general question of block
inclusions seems to be too broad (see section 3), we consider now the problem
when a principal p-block not only contains a principal g-block, but is in fact
a union of g-blocks. Here we obtain a lot of information about the group
structure.
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Theorem 5.1. Let G be a finite group and p, q two different primes in 7(QG).
IfTrr(By(GQ),) = Uilrr(B,(G)Y) where the B,(G)'’s are some q-blocks of G, then
the following holds:

(1) Op’(G) < Oq’<G>,

(2) F*(G]Oy(G)) = E(G/Oy(G))O)(G/Oy(G)) where E(G/Oy(G)) is the
product of all components of G/O,(G) such that each of these components is
either of ¢'-order or of type

(a) Moo, Moy or Jy with p =2 and ¢ =3,5 or 7, or

(b) Mag or Coy withp =2 and ¢ =17, or

(¢) B or M withp=2 and q = 23, or

(d) My with p =3 and q = 5.

Proof. Since Irr(By(G),) = U;(Irr(B,(G)"), we see that one of the B,(G)"s is
the principal g-block of G, say B,(G)' = By(G),. Also note that Oy (G) =
ﬂxelrr(Bo(G)p)KerX < meIrr(Bo(G)q)KerX = Oql(G), SO (1) is true.

To prove (2), we may now assume without loss of generality that O, (G) = 1.
For any normal subgroup M of G, Irr(By(G),) covers only the principal p-
block of M. 1If b, is a g-block of M covered by some B,(G)" then for any
¢ € TIrr(b,) there exists an irreducible character y € Irr(B,(G)") such that
(Resp(x), @) # 0. It follows from y € Irr(By(G),) that Irr(b,) C Irr(By(M),).
Thus Irr(Bo(M),) = UIrr(B,(M)"). Furthermore this is also true for any
subnormal subgroup of G. If F*(G) is solvable then F*(G) = F(G) = O,(G)
and the theorem is true for G. If F*(G) is not solvable and E(G) is a ¢’-group,
we are done. Now let T be a normal subgroup of F*(G) which is nonabelian
and quasi-simple of order divisible by pq. So T is a component of G. Note
that the center Z(T) = O,(T) and Irr(By(T),) = UIrr(B,(T)"). Consider
Irr(Bo(T'/Z(T)),) a subset of Irr(By(T),), then for any x € Irr(By(T'/Z(T)),),
X € Irr(B,(T)") for some i. Let b be a g-block of T/Z(T') such that x € Irr(b).
As Z(T) < Oy(T),Trr(b) = Irr(By(T)"). Therefore Irr(Bo(T/Z(T)),) is the
union of the sets of all irreducible characters in some g-blocks of 7'/Z(T') and
for convenience we now may assume that O,(T) = Z(T) = 1.

In the case where T is a simple group of Lie type, or when T'= A, (n > 5) we
have already seen in section 3 that we have no such block union for a principal
block of T'. Therefore T is a sporadic simple group. In this case we have noted
in Proposition 3.7 that exactly the types listed from (a) to (d) occur. O
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Theorem 5.2. Let G be a finite group such that all components of G are
of order divisible by pq. Then Irr(By(G),) = Ui<icnItr(By(G)?) if and only
if Op(G) < Oy(G) and all components of G/O,(G) are of type as listed in
Theorem 5.1(a) to (d).

Proof. By Theorem 5.1 we need only prove the “if” part. Since O, (G) <
Oy (G) we may assume that O, (G) = 1. Set H = F*(G). It follows that
F(H) = F(G) = O,(G) and H = 5,515;...Sf where S; = O,(G) and each
S; (i > 0) is a quasisimple normal subgroup of H with Z(S;) cyclic of order
dividing 4 [CC].

We claim that Irr(By(H),) = Ulrr(B,(H)"). If p = 3 then S; is isomorphic
to My for i > 0 and H = Sy x 51 X Sy X ... x Sy, so the claim holds. Now
p = 2 and S;(i > 0) is of type as listed in Theorem 5.1 (a) to (c). Note that
Irr(By(S)),) = Ulrr(By(S;)") for 0 < j < f by [Gap] . If f = 1 then H is
the central product of Sy and S;, and by Lemma 2.4 the claim holds. For
f > 1 we may assume by induction that Irr(By(L),) = UIrr(B,(L)") where
L = 505155...5¢_1, and then again by Lemma 2.4 for L and S; we see that the
claim holds.

Note that the Sylow p-subgroup of each S; is a self-centralizing subgroup of
S;, the same is true for H. Let B, be a p-block of G covering By(H), with
defect group D. We see that DN H € Syl (H) and Cy(DNH) = Z(D N H).
For the defect group D, there exists an element x € G of p’-order such that
D € Syl (Cg(w)). Since x induces a permutation on the set {(S;Sp)/So :
i=1,2,...,f} and [z, DN H|] = 1,z fixes each (5;5)/Sy, thus z induces an
automorphism of each S;. If p = 3 then S;(i > 0) is of type M;; and from
Out(M;1) = 1 we know that x induces an inner automorphism of S;. Note
that = centralizes a Sylow 3-subgroup of S;, x centralizes S;, so [z, H] = 1.
Since H = F*(G),x € Hand x € Cy(DNH) = Z(DN H), thus z = 1 and
D € Syl,(G). In fact the argument for 2 works for any y € Os(Cq(D)) and
we conclude that y = 1. For p = 2, note that Out(M) is of order at most 2
where M is an arbitrary sporadic simple group, we see that the argument for
p = 3 works also for p = 2. Hence By(G), is the only p-block of G covering
By(H), and the theorem follows immediately. O
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6. SOME REMARKS AND OPEN QUESTIONS

As mentioned at the beginning, clearly if Irr(G) is m-separated, then Irr(G)
is principally m-separated. Concerning the converse, we have the following
conjecture:

Conjecture For any finite solvable group G, Irr(G) is m-separated if and only
if Irr(G) is principally 7-separated.

Note that the converse does not hold in general. For example, for the alter-
nating group A; and m = {2,3,7}, the set Irr(A7) is not m-separated (the
two characters labelled by (4, 1) are not separated), but Irr(A7) is principally
m-separated.

We have seen in this paper that there is a large spectrum of behavior with
respect to intersections of principal blocks. For the alternating groups A,
and the symmetric groups S,, n > 5, as well as for the sporadic groups the
intersection over all principal blocks is trivial, i.e., it only contains the principal
character. What can one say about this intersection for an arbitrary finite
group? What is its size and how is this related to group theoretical properties?
Any non-principal character in this intersection may be considered as “strongly
glued” to the principal character; we may also ask about “weak” gluing among
characters, which is given by the property that the characters belong to the
same p-block for some p dividing the group order. For example, when are all
irreducible characters of the group weakly glued to the principal character, i.e.,
when is every irreducible character contained in some principal block?

Acknowledgments. This work was started when the first named author
visited Peking University, and it was finished while the second named author
was visiting the University of Hannover. Both authors are grateful to the host
departments for their hospitality, and we would both like to thank the Sino-
German Center for Research Promotion for the support of our collaboration.
We would also like to thank the referee for a careful reading of the first version
of this paper.



14 CHRISTINE BESSENRODT, JIPING ZHANG

REFERENCES

[BMO] C. Bessenrodt, G. Malle, J.B. Olsson, Separating characters by blocks, J. London
Math. Soc 73 (2006), 493-505

[BN] C. Bessenrodt, G. Navarro, J.B. Olsson, P.H. Tiep, On the Navarro-Willems conjecture
for blocks of finite groups. J. Pure Appl. Algebra 208 (2007) 481-484

[Be] C. Bessenrodt, Addendum to [BN] (2006)

[BO1] C. Bessenrodt, J.B. Olsson, The 2-blocks of the covering groups of the symmetric
groups. Adv. Math. 129 (1997), 261-300

[BO2] C. Bessenrodt, J.B. Olsson, Weights of partitions and character zeros, Electron. J.
Comb. 11(2) (2004)

[BO3] C. Bessenrodt, J.B. Olsson, Spin block inclusions. J. Algebra 306 (2006) 3-16 (Special
Issue in Honour of Gordon Douglas James)

[Br] J. Brandt, A lower bound for the number of irreducible characters in a block. J. Algebra
74 (1982), no. 2, 509-515

[B] R. Brauer, Blocks of characters and structure of finite groups, Bull. Amer. Math. Soc.
1 (1979), no. 1, 21-62

[C] M. Cabanes, Local structure of the p-blocks of S, Math. Z. 198 (1988), 519-543

[Ca] R. W. Carter, Simple Groups of Lie Type, John Wiley & Sons, London, New York,
Sydney. Toronto, 1989

[CC] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker and R. A. Wilson, Atlas of
Finite groups, Clarendon Press, Oxford, 1985

[G] D. Gorenstein, Finite Simple Groups, Plenum Press, New York and London, 1982

[F] W. Feit, The representation theory of finite groups, North-Holland, 1982

[H] J. F. Humphreys, Blocks of projective representations of the symmetric groups, J. Lon-
don Math. Soc. (2) 33 (1986), 441-452

[JK] G. James, A. Kerber, The representation theory of the symmetric group, Encyclopedia
of Mathematics and its Applications, 16, Addison- Wesley 1981

[L] F. Liibeck, http://www.math.rwth-aachen.de:8001/~Frank.Luebeck
/chev/2E62.html

[Lu] G. Lusztig, Characters of reductive groups over a finite field, Annals of Math. Studies,
107. Princeton University Press, Princeton, NJ, 1984

[NT] H. Nagao, Y. Tsushima, Representations of finite groups. Academic Press, 1989

[NTW] G. Navarro, A. Turull, T. R. Wolf, Block separation in solvable groups, Archiv Math.
85 (2005) 293-296

[NW] G. Navarro, W. Willems, When is a p-block a g-block?, Proc. Amer. Math. Soc. 125
(1997), 1589-1591

[O1] J. B. Olsson, On the p-blocks of symmetric and alternating groups and their covering
groups, J. Algebra 128 (1990), 188-213

[02] J.B. Olsson, Combinatorics and representations of finite groups, Vorlesungen aus dem
FB Mathematik der Univ. Essen, Heft 20, 1993 (available at the author’s homepage)



BLOCK SEPARATIONS AND INCLUSIONS 15

[OS] J.B. Olsson, D. Stanton, Block inclusions and cores of partitions, Aequationes Math.
(to appear)

[Os] M. Osima, On some properties of group characters, Proc. Japan Acad. 36 (1960) 18-21

[Gap] M. Schonert et al., GAP — Groups, Algorithms, and Programming, Lehrstuhl D fiir
Mathematik, Rheinisch Westfélische Technische Hochschule, Aachen, Germany, fifth
edition, 1995

[Su] M. Suzuki, Group Theory I, Translated from the Japanese by the author. Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]
247 Springer-Verlag, Berlin-New York, 1982

[Th] J. G. Thompson, Normal p-complements and irreducible characters, J. Algebra 14
(1970), 129-134.

[Wi] J. S. Williams, Prime graph components of finite groups, J. Algebra 69 (1981), no. 2,
487-513

[Zh] J. P. Zhang, On finite groups all of whose p-blocks are of the highest defect, J. Algebra
118 (1988), no. 1, 129-139

CHRISTINE BESSENRODT

FAKULTAT FUR MATHEMATIK UND PHYSIK,
LEIBNIZ UNIVERSITAT HANNOVER,
WELFENGARTEN 1, 30167 HANNOVER, GERMANY

JIPING ZHANG

LMAM, THE SCHOOL OF MATHEMATICAL SCIENCES,
PEKING UNIVERSITY,

BEwJING 100871, P.R. CHINA



