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Abstract

In this article, two families of (almost) homogeneous mixed Kronecker
products of non-faithful and of spin characters of the double covers of the
symmetric groups are described. This is then applied to classify the irreducible
mixed products, thus completing the classification of all irreducible Kronecker
products of characters of the double covers of the symmetric groups.

1 Introduction

Kronecker products of complex characters of the symmetric group S, have been
studied in many papers. Information on special products and on the coefficients
of special constituents have been obtained but there is no efficient combinatorial
algorithm in sight for computing these products. In [1], products of S,-characters
with few homogeneous components and homogeneous products of characters of the
alternating group A, have been classified. In particular, there are no non-trivial
homogeneous Kronecker products for S,, but there are such products for A,, when
n is a square number (these are even irreducible).

For the double covers S, of the symmetric groups, information about products
of characters is even more sparse. Recently, in [2] some results have been obtained
on products of spin characters of S, which led to a classification of homogeneous
spin products. Here, homogeneous products do occur for all triangular numbers n,
but non-trivial irreducible products occur only for n = 6.

In this article, we consider mixed products of complex characters for the dou-
ble covers S, i.e. products of a non-faithful character of S, (corresponding to a
character of S,,) with a spin character. In this situation, there are some interesting
homogeneous or almost homogeneous mixed products; finding such mixed products
was greatly helped by the special maple packages SF and QF for dealing with sym-
metric functions by John Stembridge. Two families of homogeneous resp. almost
homogeneous products are described; one for any composite number and the other
one for triangular numbers. The irreducible mixed products are then classified; they
occur for even numbers and triangular numbers satisfying a congruence condition.



2 Preliminaries

We denote by P(n) the set of partitions of n. For a partition A € P(n), () denotes
its length, i.e. the number of (non-zero) parts of A. The set of partitions of n into
odd parts only is denoted by O(n), and the set of partitions of n into distinct parts
is denoted by D(n). We write D"(n) resp. D~ (n) for the sets of partitions A in
D(n) with n—1(\) even resp. odd; the partition A is then also called even resp. odd.

We write S, for the symmetric group on n letters, and S,, for one of its double
covers; so S, is a non-split extension of S, by a central subgroup (z) of order 2. Tt
is wellknown that the representation theory of these double covers is ’the same’ for
all representation theoretical purposes. The spin characters of S, are those that do
not have z in their kernel. For an introduction to the properties of spin characters
resp. for some results we will need in the sequel we refer to [5], [10], [11], [13]. Below
we collect some of the necessary notation and some results from [13] that are crucial
in later sections.

For A € P(n), we write [\] for the corresponding irreducible character of Sy;
this is identified with the corresponding character of S,. The associate classes
of spin characters of S, are labelled canonically by the partitions in D(n). For
each A € D% (n) there is a self-associate spin character (\) = sgn (\), and to each
A € D~ (n) there is a pair of associate spin characters (A), (\)' = sgn (). We write

~ [ if A\ € D*(n)
W = {()\>+<)\>' if A € D™(n)

_ {1 if \ € D*(n)
TV V2 ifae D (n)

In [13], Stembridge introduces a projective analogue of the outer tensor product,
called the reduced Clifford product, and proves a shifted analogue of the Littlewood-
Richardson rule which we will need in the sequel. To state this, we first have to
define some further combinatorial notions.

Let A’ be the ordered alphabet {1’ <1 < 2" < 2 < ...}. The letters 1',2',... are
said to be marked, the others are unmarked. The notation |a| refers to the unmarked
version of a letter a in A’. To a partition A € D(n) we associate a shifted diagram

YV'A) ={(i,j) e N? |1 <i<IA),i<j< A\ +i—1}

A shifted tableau T of shape Aisamap T : Y'(\) — A’ such that T'(¢,5) < T(i+1, j),
T(i,7) <T(i,j+1) for all 4, j, and every k € {1,2,...} appears at most once in each
column of T, and every k' € {1',2',...} appears at most once in each row of T'. For
ke {1,2,...}, let ¢, be the number of boxes (7,7) in Y'(\) such that |T'(7, j)| = k.
Then we say that the tableau T has content (cy, ¢z, .. .). Analogously, we define skew
shifted diagrams and skew shifted tableaux of skew shape A\ p if u is a partition
with Y'() C Y'(A). For a (possibly skew) shifted tableau S we define its associated
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word w(S) = wyw, - - - by reading the rows of S from left to right and from bottom
to top. By erasing the marks of w, we obtain the word |w|.

Given a word w = wyws ..., we define
m;(j) = multiplicity of i among wy,_j11,...,w, ,for0<j<n
m;(n+j) = m;(n) + multiplicity of i' among wy,...,w;, ,for0<j<n

This function m; corresponds to reading the rows of the tableau first from right to
left and from top to bottom, counting the letter 7 on the way, and then reading from
bottom to top and left to right, counting the letter i’ on this way.

The word w satisfies the lattice property if, whenever m;(j) = m; 1(j), then

Wi # 0,7 Jif0<j<n
Win1 # =147 ,ifn<j<2n

For two partitions g and v we denote by p U v the partition which has as its
parts all the parts of 1 and v together.

Theorem 2.1 ([13/, 8.1 and 8.3) Let p € D(k), v € D(n—k), A € D(n), and form
the reduced Clifford product (u) X, (v). Then we have

o) +i(¥)=1(N))/2 I;\l”

((Gp) e () 150, () = —
EXE Uy
unless X is odd and X = p U v. In that latter case, the multiplicity of () is 0 or 1,
according to the choice of associates.
The coefficient f[}u is the number of shifted tableaux S of shape A\ p and content
v such that the tableau word w = w(S) satisfies the lattice property and the leftmost
i of \w| is unmarked in w for 1 <i <I(v).

We will also use the following result from [13] on inner tensor products with the
basic spin character (n):

Theorem 2.2 ([13], 9.3) Let A € D(n), u a partition of n. We have

1

()], (A) = 202,
EXE(n)

unless A = (n), n is even, and p is a hook partition. In that case, the multiplicity
of (A\) is 0 or 1 according to choice of associates.

The coefficient gy, is the number of “shifted tableauz” S of unshifted shape p and
content X such that the tableau word w = w(S) satisfies the lattice property and the
leftmost i of |w| is unmarked in w for 1 <i <I(X).

As an interesting consequence, this implies



Corollary 2.3 Let n € IN. Then

n—1

(n) - (n) =[] + [ —i,17].

=1

Finally, we collect some information about certain constituents in squares resp.
in ‘almost’ squares.

Theorem 2.4 ([12], [14], [15]) Let n € IN. Let A € P(n) with A # (n), (1"). Define
a,b € Ny by

[)\]2 = [n]+aln —2,2] + b[n — 3, 13] 4+ other constituents .

Denote by h; the number of hooks of \ of length i, for i € {1,2}. Let hy be the
number of hooks of A of length 3 and arm length 1. Then we have:

(Z) a = hg + hl(hl - 2)
In particular, a > 0 if n > 4.

(ii) b=hy(hy — 1)(hy — 3) + (hy — 1)(ha + 1) + hoy.
In particular, b > 0, unless X is (n — 1,1) or (n — 1,1)".

Theorem 2.5 ([8], Theorem 4.3) Let n € N, n > 4. Let p € D(n) with p # (n)
and pn # (k,k—1,...,2,1). Let s,t € IN be defined by

(uy - (uy = [n] + s[n —1,1] + t[n — 2,2] + other constituents .
Then
(i) t > 1.
(i) If n > 5, pis even and p # (k+r,k —1+7r,...,1+7r), then t > 2.

(iii) If u# (k+rk—1+r,...,147r), then s > 1.

We have already considered the exceptional case = (n) in Corollary 2.3. Note
that for even n it is not clear which hook characters appear in the product (n) - (n)
and which appear in the product (n) - (n)’, except that each product contains one
out of a pair of conjugate hook characters. Clearly, both products do not contain
[n — 2,2] as a constituent, i.e. for the basic spin character we have ¢ = 0 in the
notation of the Theorem above.

The exceptional case of a staircase partition u = (k,k —1,...,1) will be treated in
the next section in Theorem 3.5.



3 Almost homogeneous mixed products

We now want to study the case of mixed products, i.e. products of the form (u) - [v].
Of course, if we know all the constituents in the case of products of spin characters
then we also know all the coefficients in the case of mixed products, since

() (), [A]) = (2], ()

and (v) = (v) or (v)', depending on n — [(v) mod 4. But it is not clear how to
obtain a classification of the homogeneous mixed products from the results we know
so far. In the following, we will describe some “combinatorially homogeneous” mixed
products, and we classify the irreducible mixed products. We call a character of Sy
“homogeneous” if it is of the form ¢(\) resp. “almost homogeneous” if it is of the

—

form ¢(\) for some A € D(n) and ¢ € IN.
We will need the following combinatorial result (see [2], Lemma 4.1 and its proof).

Lemma 3.1 (/2]) Let k € IN. Let H(k) denote the product of the hook lengths in
v=(kk—1,...,2,1), and let B(k) denote the product of the bar lengths in v. Set
n=sk(k+1). Then

(i) B(k) = 2" *H(k).

(ii) B(k+1) = B(k) ﬁ(k + ).

j=1

First we want to classify all homogeneous resp. almost homogeneous products
with the basic spin character (n).

Theorem 3.2 Let € P(n), p # (n),(1"). Then the product (n) - [p] is almost
homogeneous if and only if 1 is a rectangle.

Up to conjugation, we may assume in this case that p = (b*) with 1 < a < b, and
then the product is

2a—§3(a+b—1,a+b/—\3,---,b—a+1> , if a is odd and b is even
(n)-[b"] =

2[“771](a+b—1,a+b—3,---,b—a+1> , else

Proof. First assume that p is not a rectangle. Let hy;, ¢ = 1,...,d = d(p),
denote the principal hook lengths in p. By Theorem 2.2 the product (n)[u]| always

has a constituent (hiy, haa, ..., hag) as is illustrated by the following tableau for
H= (73, 62):

1 1 1 1 11

122 2 2 2

1 2 3 3 3 3 3

1" 20 3 4" 4 4

1 2 3 4 5 5
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If 1 is not a rectangle, then take j maximal with p; > 111 > 0. We can then replace
the final two entries j' j in the jth column by the entries j 7 + 1 and still obtain a
tableau of the type counted by the coefficients gy, occurring in Theorem 2.2, giving
a constituent labelled by a partition different from (hyq, hoo, ..., haq). Thus if the
product (n) - [u] is almost homogeneous then p has to be a rectangle.

So now we consider the case that p is a rectangle, and we may assume that
p = (b*) with a < b. In this situation, we have for the partition considered above:

)\:(hu,hgg,...,hdd):(a+b—1,a+b—3,...,b—a+1).

The multiplicity of the constituent (¢ +b—1,a+b—3,...,b—a+ 1) in the pro-
duct can be calculated by Theorem 2.2; it is easily seen that g, = 1, and hence the
multiplicity is

1 925l _ 245" , if a is odd and b is even
EXE(n) 2[GT_1] , else
as is easily checked. In the first case, the character (a +b—1,a+b—3,...,b—a + 1)
is not self-associate, and the associate character appears with the same multiplicity
as p is not a hook.

We now prove the statement of the Theorem by comparing degrees on both sides.
By the degree formulae for ordinary and spin characters we have for the left hand

side: |
p(1) = 2[5
(m)1(1) T
where we denote by H(a,b) the product of the hook lengths in (b*). For the right
hand side in the statement of the Theorem we obtain by the bar formula

2[41_51].2[«1—(1] n! [251] n!

o 2 -

B(a,b) B(a,b)’

where B(a, b) denotes the product of the bar lengths in (a+b—1, a+b—3, ..., b—a+1).
Hence we have to prove that for all a < b we have H(a,b) = B(a,b).

For this, we divide the Young diagram resp. the shifted diagram into three re-
gions:




The middle region in both diagrams is of width b—a. It is easy to check that the hook
lengths in the middle region of (b*) are exactly the same as the bar lengths in the
middle region of (a+b—1,a+b—3,...,b—a+1); let H,,(a,b) = B,,(a,b) denote the
product of the hook lengths resp. bar lengths in these middle regions. Let H;(a,b)
and H,(a,b) denote the product of the hook lengths in the left resp. right region of
the diagram for (b*); similarly, let B;(a,b), B.(a,b) denote the product of the bar
lengths in the left resp. right region of the diagram for (a+b—1,a+b—3, ..., b—a+1).
The bar lengths occurring in the left region of (a+b—1,a+b—3,...,b—a+1) are
exactly the same as the hook lengths in the left region of (%) each multiplied by 2,
SO
By(a,b) = 2) Hy(a, b) .

In the notation of Lemma 3.1 we have H,(a,b) = B(a) and B,(a,b) = H(a). Since
by Lemma 3.1 we know that B(a) = 2(3)H(a), we obtain
H((Z, b) = Hl(aa b)Hm(aa b)Hr(aa b) = Hl(aa b)Bm(aa b) ) Q(g)BT(aa b)
= B(a,b)By(a,b)B.(a,b) = B(a,b)

and thus the result is proved. ¢

Next we deal with the natural character [n — 1,1] and describe some almost
homogeneous products with this character.

Theorem 3.3 Let n be a triangular number, say n = (k'gl) Then

k—1,....2,1) - [n—1,1]=(k+1Lk—1,k—2,...,3,2).

Proof. First we check that the character given on the right hand side in the
statement above does indeed appear as a constituent:

(kk—1,...,2,1) - In—=1,1,(k+1,k—1,k—2,...,3,2))

— (k1,20 it L k—1L,k—2,....3,2,n—1,1])
- (<k7k_177271> \l/gn_17<k+17k_17k_27"'7372> ¢§n_1)
= 1

where the last equality follows from the spin branching theorem. Now to prove the
assertion it suffices to check degrees on both sides.

Let again denote B(k) the product of the bar lengths in (k,k —1,...,2,1), and let
B'(k) denote the product of the bar lengths in (k+ 1,k — 1,k —2,...,2). Then by
the bar formula we have to check whether the following equation holds:

[254] n! nok] n!

et =




or equivalently,
(n —1)B'(k) = 2B(k) .
We want to prove the claim by induction on k, starting with £ = 3, where the claim

is easily checked. By Lemma 3.1

B(k+1) = B(k) Qﬁ j

j=k+1

Let N = N(k — 2) be the product of the bar lengths in the partition (k — 2,k —
1,...,2,1). Then by considering the shifted diagrams one sees that

B'(k) = N-k(k+1) 12—k[ J

j=k+3

B'(k+1) = N-(k—1)k (.Zi‘[l j) (k + 1)(k + 2) .Zi‘fz‘

Hence
E—1)(k+2)(2k+1)(2k +2) %'

J
bes 'S

Blk+1) = B/(k)

k+1

5 ), we know by induction that

Since n = (
(k> + k —2)B'(k) = 4B(k) ,
and we have to show that
(k> +3k)B'(k+1) =4B(k + 1) .

Using the relations given above this is a straightforward calculation.
Hence the assertion of the Theorem is proved. ¢

Theorem 3.4 Letn € IN, n > 3, and let u € D(n). Then the product {u)-[n—1,1]
18 irreducible if and only if n is a triangular number, say n = (k;d), with k = 2 or
3mod4, and p= (k,k—1,...,2,1). In this case,

kk—1,...,2,1) - In—=1,1]=(k+1,k—1,k—2,...,3,2).

Proof. If ; and k are as stated, then p is odd and (k+ 1,k —1,k—2,...,3,2) is

even, and so by the previous Theorem the stated product is indeed irreducible.
Now assume that the product (u) - [n — 1,1] is irreducible. By the classification

result for products with the basic spin character, we know that u # (n).

So assume now p # (k,k—1,...,1). Then by Theorem 2.5 resp. by Theorem 2.4
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both [n — 2,2] and [n] are constituents of the product (u) - (1) as well as of the
square [n — 1, 1]%. Hence

([n_lal]'<M>7[n_111]'<ﬂ>):(<:u>'<M>7[n_171]'[n_171])ZQa

so the product is not irreducible. ¢

For the classification of the irreducible mixed products, we will need some further
information in the special case of staircase partitions.

Theorem 3.5 Let k € IN, n = (k;rl). Define the coefficients ay, as, a3, bs, b, c3 by

(ky...;1y-(ky...,1) = [n]+ai[n—1,1]+as[n —2,2] + az[n — 3,3] + by[n — 2,17]
+b3[n — 3,13 + c3[n — 3,2, 1] + other constituents

Then
(Z) a1:a2263:0.

. _J 1 ifk=0orl1mod4
() bQ_{O if k=2 or 3mod 4

(ZZZ) as = b3 =1.

Proof. Set pp = (k,...,1) and ¢ = (k,...,1). Note that p € DT if and only if
k=0 or 1 mod4. Also, let 7, = 1g, 15"= 13 19 So

(0x " Pr, Ta) = (x5, 0% 3. )
and for computing the restriction we use the spin branching theorem resp. the shifted
Littlewood-Richardson Rule provided by Theorem 2.1.
Since Pk \Lg(n_l,l): <,I€, ey 2>, (Sok -@, W(n—l,l)) =1. As [TL - ]_, ]_] = 7r(n—1,1) — [’I’L],
this yields
a = (@k@a[n_lal]) =0.
Next, g ig( ) is the irreducible character (k,...,3,1) x.(2) (up to the choice

of associates in the case k = 0 or 1 mod 4), hence (i Pk, T(n_22)) = 1. As[n—2,2] =
T(n—2,2) — TM(n—1,1), this implies

ay = (px - Py [ = 2,2]) =0,

The restriction @y Lg(n_&?)) has the two irreducible constituents (k, ..., 4,2, 1) x. (3)
and (k,...,3) x.(2,1) (up to the choice of associates in the case k = 2 or 3 mod 4).
Hence (¢r - @k, T(n—3,3)) = 2, and from the equation [n —3,3] = 7, _33) — T(n_2,2) We
now deduce

as = (¢ - Pr, [ —3,3]) =1.
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Now ¢y 3 = (k,...,3,1). Thus,

(n—2,12)_

(o0 T )= 1 ifk=2o0r3mod4
Pk Pk Tn-212)) = 9 if k=0 or 1 mod 4

As [n —2,1% = m(n_2,12) — T(n_22) — [n — 1, 1], we obtain

L 0 if k=2 or3mod4
b2:(90k90k7[n_2712]):{ 1 ifk=0o0or 1mod4

For the restriction ¢y ig( aar, WE obtain

(kyoo4,2,1) X (2) + (k,...,4,3) X, (2)
if k=0 or 1 mod 4, and
(ky o 4,2,1) X (2) + (k,...,4,3) X, (2)
up to a choice of associates for the second summand, if £ = 2 or 3 mod 4. Hence

( - )_ 3 ifk=0o0or 1mod4
Yk Pl Tn-3210) =\ 9 if k=2 or 3mod 4

n—3,2,1] = = (Tn-321) — Tn-33) — " —2,2] — [n—1,1] — [n — 2,17]) ,

DN =

we obtain
c3 = (o P, [n—3,2,1]) =0 .

Finally, we have

ls Ry 3y +2(k, .. ,4,2,1) ifE=0or 1 mod4
P S (ke 3) + (k.. 4,2,1)  if k=2 or 3mod 4

Thus
6 ifk=0o0or 1mod4

(P Py T(n—3,1%)) = { 3 ifk=2o0r3mod4

[n—3,1%] = M(u_3,13) — Tn=s2n) — [0 — 1,1] — [n — 2,2] — 2[n — 2,17],

we obtain
b3 - (@k'@a[n_‘f)’alg]) =1.
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Theorem 3.6 Let A € P(n), A\ # (n),(1"). Let u € D(n). Then [\] - (u) is
irreducible if and only if one of the following occurs:

(i) n=2k, X\ = (k, k) or (2%) and p = (n).

Here the products are

[k, k] (n) = [2%] - (n) = (k+ 1,k — 1) .

(i) n = (k;rl) for some k € IN with k =2 or 3mod4, A = (n—1,1) or (2,1"?)
and p=(k,k—1,...,2,1).
Here the products are

n—1,1]-(k,..., 1) =[2,1" 2] - (k,..., 1) = (k+ 1,k —1,k—2,...,2) .

Proof. In the cases (i) and (ii) described above, the product is irreducible by
Theorem 3.2 resp. Theorem 3.4. In the following we may assume that n > 4.
Now assume that [A] - (i) is irreducible. Then

L= (] (b A= ) = (N2, (b - () -

As both [A]? and (i) - (u) have [n] as a constituent, it suffices to find a further
common constituent in all situations not covered by (i) and (ii).

By Theorem 2.4, [\ always contains a constituent [n—2, 2], and by Theorem 2.5,
also (1) - (1) contains a constituent [n —2,2], unless p = (n) or p = (k,k—1,...,1).
So we only have to consider mixed products [A]- (i) with u of these two exceptional
types.

For ;1 = (n), this was done in Theorem 3.2, giving the products described in case
(i) as the only irreducible mixed products with the basic spin character.

So it remains to deal with the case of a staircase partition p = (k,k—1,...,1).
By Theorem 2.4 and Theorem 3.5 we then find a common constituent [n — 3,13] in
(A2 and (u) - (i), unless A is (n—1,1) or (n —1,1)". But in this latter situation, we
can apply Theorem 3.3 which leads exactly to the irreducible mixed products given
in (ii).
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