IRREDUCIBLE TENSOR PRODUCTS OVER ALTERNATING GROUPS
CHRISTINE BESSENRODT AND ALEXANDER S. KLESHCHEV

ABSTRACT. We classify irreducible tensor products of modular representations of the alter-
nating group over an algebraically closed field of characteristic p > 5.

INTRODUCTION

Let F' be an algebraically closed field of characteristic p > 0, and A,, be the alternating
group on n letters. In this paper we study tensor decomposable irreducible F'A,-modules, i.e.
irreducible modules F which can be written as F & Fy ® Ey for non-trivial F A,-modules F;
and FEy. We refer the reader to [28, 2, 14, 3, 15] for results on the similar problem for the
symmetric group ¥,. For example, the following theorem is part of [3, Main Theorem)].

Theorem A. Let Dy and Doy be F'Y,-modules of dimensions greater than one. Then D1 ® Do
is reducible unless p = 2 and n is even.

Of course, the same result will follow for F'A,,-modules F; and Fs, which lift to the sym-
metric group X,. However, some F'A,-modules do not lift, and we need further investigation
to complete the problem.

To describe our main result we first explain how the irreducible F'A,-modules can be
parametrised. We start from the symmetric group, referring the reader to [16] for the standard
facts on its representation theory. In particular, to every p-reqular partition A of n one can
associate the irreducible F¥,-module D*. Assume that p > 2 and denote by sgn the 1-
dimensional sign representation of ¥,,. Then D* ® sgn is irreducible so there should exist a
p-regular partition A\M with

D) @ sgn = . (1)

The bijection A — AM on the set of p-regular partitions is called the Mullineuz bijection. This
bijection can be described explicitly using a combinatorial algorithm suggested by Mullineux,
see [22, 13, 4, 27].

Moreover, it follows easily from Clifford theory (see e.g. [12]) that the restriction D*|
is irreducible if and only if D* ® sgn % D?*. If this is the case, we denote this irreducible
restriction by E*. Of course, E* = EM. On the other hand, if D* ® sgn = D*, then the
restriction D] 4,, splits as a direct sum Ej‘_ ® E? of two irreducible F'A,-modules. Finally,

{EM | X # MPU{EY, BY | XA =M}

is a complete set of irreducible F'A,-modules, and distinct modules L. and M from this set
are isomorphic if and only if L & E* M = EM for some p-regular partition A with A # \M.,
If A = A\M we say that \ is Mullineuz-fized.

Gathering together equal parts of A we can represent it in the form X = (I{",152,...,1;*)
where [y > Iy > --- > [, > 0 and all a; > 0. Then the partition X is called a Jantzen-Seitz
partition (or JS-partition for short) if it is p-regular and p divides l; — ;11 + a; + a;11 for all 4
with 1 <4 < k. These partitions are important because the restriction DQZ% , is irreducible
if and only if A is a JS-partition, cf. [19, 20, 11].
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The number a; + az + - - - + ay, is denoted h(A) and called the height of A.

Now we can state our main result, which describes tensor decomposable F'A,-modules in
characteristic p > 5. The case p = 0 has been treated in [2] (see also [28]), but the cases
p = 2,3 and 5 remain open.

Main Theorem. Let p > 5 and Ei, Es be FA,-modules of dimensions greater than one.

Then Ey ® Es is reducible with the only exception of E™~1D @ E} where pfn and X is a

JS-partition with p fh(X). In the exceptional case we have EM~HD @ E} = EY, where the
Young diagram of v is obtained from that of X\ by remowving the top removable node and adding
the bottom addable one.
Example. (i) Let p = 7. Then E@3) @ B2 & p(143.27,1%)

(ii) To emphasize that the situation is really exceptional for small p, we note using [18,
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p. 2] that E®? @ E®? = B for p = 2, and B @ BEW') =~ B4 for p = 3. But we
believe that the main theorem should still hold for p = 5, and, with few exceptions, for p = 3.
We refer the reader to [14] and [15] for some exceptional phenomena in characteristic 2.

The proof of the Main Theorem is given in section 3. Note that in view of Theorem A, we
only need to consider tensor products of the form E* ® Ef and E} ® Ef.

1. PRELIMINARIES

Throughout the paper we assume that char F' =p > 2.

Let G be a group. We write 1¢ for the trivial FG-module. If M is an F'G-module and
Dy,..., Dy are irreducible F'G-modules then the notation M = Dy|...|Dy means that M is
a uniserial FG-module with composition factors Dy, ..., Dy counted from bottom to top.

We record two well-known general facts (for the first one see the explanations in [5, 5.1]).

Lemma 1.1. Let G be a group, M be an FG-module and H << G be a normal subgroup of
indez [G : H] prime to p. Then soc(M|y) = soc(M)lg.

Lemma 1.2. Let X, Y, Z be FG-modules. Assume that Z C X ®Y and that Z has a simple
socle. Then X or'Y (or both) contains an isomorphic copy of Z as a submodule.

Proof. Let f: Z — X &Y be an embedding, and nx, my be projections of X &Y to X,
Y, respectively. Then wx o f or my o f must be an injection, since otherwise both maps
annihilate the simple socle of Z, which is impossible as 7x o f + my o f = f is injective. [

Let 0 € 3, \ A,. Then A, — A,, g+~ ogo ! is an (outer) automorphism of A,. If M is
an F'A,-module we can use this automorphism to twist the action of A, on M: Let

g-m:=ogo 'm, g€ A,, meM. (2)

This defines a new F'A,-module denoted by “ M. The following lemma and corollary follow
from Clifford theory and the definitions:

Lemma 1.3. Let X be a p-reqular partition of n with X = A\M. Then ”Ej‘: > E%

Corollary 1.4. Let X be a p-reqular partition of n with A = \M.. Then we have isomorphisms
of FA,-modules:

“Homp(E},EY) = Homp(E}, E2),
“Homp(E},Ey) = Homp(E},EL).
Now we show that partitions A with few parts are usually not Mullineux-fixed.

Lemma 1.5. [24, 1.9] Let n > 5, and X be a partition of n.

(i) If h()\) <2 then h(AM) # h(X\). In particular, X\ # \M.
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(i) If p > 3 and h(\) = 3 then \M # X, except for the cases where p > 5 and X is one of
the following (3,12), (3,2,1), (32,2), (33).

(iii) Ifp > 5 and h()\) = 4 then \M # X, except for the cases where p > 7 and X is one of
the following: (4,1%), (4,2,1%), (4,3,2,1), (4,32,1), (42,22), (4%,3,2), (4%,3), (4%).

In the next two lemmas we investigate when ‘rectangular’ and ‘near rectangular’ partitions
are Mullineux-fixed:

Lemma 1.6. Let a < p and X\ = (1*). Then \M = X if and only if | = a and p > 2 — 1.

Proof. Note that X is a p-core if and only if [ +a— 1 < p. In this case A\M = X!, the transpose
partition, see e.g. [6, 4.1] or [8, 2.1], and so A = AM means [ = a. If X is not a p-core then
the height of A\M is p — a # a = h()), so A # MM, see e.g. [8, 2.4]. O

Lemma 1.7. Let aj,as < p and A = ((I + 1)%,19?). Then \M = X if and only if X = (2,1)
and p > 3.

Proof. The proof is similar to that of Lemma 1.6. If X is a p-core, we must have A = \! by
[6, 4.1] or [8, 2.1], which is only possible if A = (2,1) and p > 3. Now, we may assume that
A is not a p-core. If h(A) > p — 1, the result follows for example from [1, 2.2]. Otherwise the
height of AM is p — h()\) # h()), so X # AM., O

As in [16], we denote by S* the Specht module over the symmetric group ¥, corresponding
to a partition A. By construction, S* is a submodule of the permutation module M?*. The
module M? is known to be self-dual, so (S*)* is naturally a quotient module of M*. We are
especially interested in two row partitions. For such a partition (n — k, k) denote by Y (k)
the block component of M (®—k:k) containing the Specht module Sn=kk) C ppin—kk) We will
use the description of the blocks of the symmetric group known as ‘Nakayama’s conjecture’,
see for example [17, 2.7.41, 6.1.21]. Now we describe the submodule structure of Y (?—k:k).

Lemma 1.8. [8, 3.3] Let k > 0, p > k and n > 2k. If there exists | such that 0 <1 < k and
n=k+1—1 (mod p) then

S(n_kak) — D(n_lsl)|D(n_k7k),
Y(n_kak) — D(n_lzl)|D(n_k7k)|D(n_l7l)’ and
Y(nfk,k:)/D(nfl,l) ~ (S(nfk:,k))*_
Otherwise Y (n=kk) — g(n—kk) o (S("_k’k))* o~ pln—kk),
Lemma 1.8 immediately implies the following

Corollary 1.9. Let k > 0, p > k and n > 2k. If there exists | such that 0 < [ < k and
n=k+1—1 (mod p) then

dim Endpy,, (Y *~FF)) = 2,
dim Hompy, (SM~FF) y(n=kk)y — 1
dim Hompy, , (Y (7FF) (g(r=kk)yey — 1
dim Hompy,, (§(™=F:#) (§n=kk)y) — 1,
Otherwise, all four homomorphism spaces above are 1-dimensional.
Corollary 1.10. The socles of Y(”*k’k)LAn and (S(”*k’k)LAn)* are simple.
Proof. This follows from Lemmas 1.8, 1.1 and 1.5(i). O

Sometimes we will denote Y (»=%#) by X* and (S(=F4))* by X%, The next result will be
used to prove that certain homomorphism spaces are large enough.
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Lemma 1.11. Let k = ky > ky > -+ > k. > 0 be integers, p > k, n > 2k, and M, N be
FX,-modules. Assume that for some ij,i;- € {1,2} the modules (X;j’)* are quotients of M

and the modules Xf,_j are submodules of N, j =1,2,...,r. Then dimHompy (M,N) > r.
J

Proof. For r = 1 the claim follows immediately from Corollary 1.9. Assume r = 2 and
n = ki +k; — 1 (mod p). Then Lemma 1.8 implies (X/2)* 22 D(=k2k2) and (X[1)* =
S = Dn=kak) | pnkik) op (XF1)* &2V i= Dn—hake)| pn—kik)| pn—hake) Tf (xF1)* = §
then (Xlkll)* and (Xf;)* have different simple heads, so (Xlkll)* ® (Xlk;)* is a quotient of M.
Otherwise, (Xlkll)* &Y is a quotient of M. Similarly, either Xi]fll @ Xilf; or Y is a submodule
of N. By Corollary 1.9 again, we conclude that dim Hompgy, (M, N) > 2.

Now observe that for any 1 < s < t < r such that n # ks + k; — 1 (mod p) the modules
X ikss and X it are in different blocks by virtue of Nakayama’s conjecture. So the general case
follows from the argument in the special cases considered above. O
Corollary 1.12. Let k =ky > ko > --- > k. > 0 be integers, p > k, n > 2k, and M, N be
F Ay -modules. Assume that for some i;, z; € {1,2} the modules (ijjiAn)* are quotients of M

and the modules XﬁjiAn are submodules of N, j =1,2,...,r. Then dimHomp,, (M,N) > r.
J

Proof. Repeat the proof of Lemma 1.11 using Lemma 1.5 and Corollary 1.10. O

The following two results verify some assumptions of Lemma 1.11 for the F'¥,;-module
Endg(D?).
Theorem 1.13. [24, 2.3, 2.4] Let p > k > 1, n > 2k, and X\ be a p-regular partition of n
satisfying h(A), h((AM) > k. Then Y=k op (SO=kE)N* (or both) is a submodule of the
self-dual module Endp(D?).
Proposition 1.14. Let p > 5, n > 8, and A = (m, k) be a two row partition with k > 2.

(i) If m#k —2 (mod p) and m > k then Y (=33 or (S=33))* (or both) is a submodule

of Endp(D?).
(ii) If m =k —2 (mod p) or m =k then Y"=4Y or (SO=40V* (or both) is a submodule
of Endp(D?).
Proof. This follows from [24, 2.4] and [8, 4.12]. O

In section 3 it will be convenient to assume that n is not too small, so we deal with small
cases here.

Lemma 1.15. Let p > 5.

(i) Forn <9 the only (non-trivial) irreducible tensor products are E®1) ®E$’3) >~ p43.2),
(ii) For 10 < n < 16 there are no irreducible tensor products of the form Ei ® EY.

Proof. (i) Follows for example from [9, 18], (ii) follows by dimensions using GAP. O

2. RESTRICTION AND INDUCTION

In this section we deal with results on induction indgz+1 and restriction resgzil. The list
of notions defined for example in [22], [7] and used here is as follows.

A={(i,7) e Nx N | j <N} is the Young diagram of the partition A = (A > Xy > ...)
(we do not distinguish between partitions and their Young diagrams);

(1,7) € N x N is called a node;

(i, \;) € X is called a removable node (of \) if \j > A\;11;

(i, A\j + 1) is called an addable node (for ) if i =1 ori > 1 and \; < A\;j_1;
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Aa =2\ {4} = (A\1,.. ., N1, M — 1, N1, ... ) is a partition of n — 1 obtained by removing
a removable node A = (i, \;) from X;

M =X XU{B} = (A1,..., Ai—1, A + 1, Xiq1,...) is a partition of n 4+ 1 obtained by adding
an addable node B = (i, \; + 1) to \;

resA = j — i (mod p) is the (p)-residue of a node A = (i, j).

A removable node A of )\ is called normal if for every addable node B above A with res B =
res A there exists a removable node C(B) strictly between A and B with res C(B) = res A,
and such that B # B’ implies C(B) # C(B’). A removable node is called good if it is the
lowest among the normal nodes of a fixed residue. An addable node B is called conormal if
for every removable node A below B with res A = res B there exists an addable node C(A)
strictly between B and A with res C(A) = res B, and such that A # A’ implies C(A) # C(4’').
An addable node is called cogood if it is the highest among the conormal nodes of a fixed
residue.

Theorem 2.1. Let D* be an irreducible FX,,-module.

(i) [20, Theorem D],[21, 0.6]. The restriction D]y, . is irreducible if and only if X is a
JS-partition, which is equivalent to the fact that the top node A of X\ is its only normal
node. In this case D/\izn_l >~ DM,

(ii) The socle of D]y, | (resp. D Mn+1) s isomorphic to @D (resp. ®D" ) where the
sum is over all good (resp. cogood) nodes A (resp. B) of X.

(iii) [7, Theorem E(ii)] The induced module D M*"+' is semisimple if and only if all conormal
nodes of X have different residues. In this case we have DM¥n+1 = @D’\B, where the

sum s over all conormal nodes B of .
(iv) [7, Theorem E(iv)] For any addable node B such that \P is p-regular,

dp if B is conormal for A,

AMZni1 . pABY
(D71 D] = { 0  otherwise

where dp denotes the number of conormal nodes C below B (counting B itself) such
that res C = res B.
(v) [7, Theorem E'(iv)] For any removable node A such that X4 is p-regular,

A a1 ) fa if Ais normal for A,
(D%, 1 DM = { 0  otherwise

where f4 denotes the number of normal nodes D above A (counting A itself) such that
res D =res A.
(vi) [7, Theorem E(v)] The dimension dimEndps, (D> +) is equal to the number of

conormal nodes for .

The following relation between the Mullineux bijection and (co)good nodes is known (see
22, §4] or [4, 4.12]):

Lemma 2.2. Let A be a p-regular partition, and A (resp. B) be a good (resp. cogood) node
for X of residue .. Then there exists a unique good (resp. cogood) node A’ (resp. B') for \M
of residue —a such that (AL)™M = AM) 4 (resp. (AB)YM = (AM)B'),

Proof. We prove the result for good nodes, the proof for the cogood ones being similar. By
Theorem 2.1(ii), the socle of D)‘Mizw1 is isomorphic to ®D*")4" where the sum is over

the good nodes A’ of AM. On the other hand, since D™ ~ D g sgn the same socle is
isomorphic to &D*)™ where the sum is over the good nodes A of A. By [25], the number of
nodes in X of residue « is equal to the number of nodes in AM of residue —c, and the result

follows. O
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We make further remarks on restriction, induction and related combinatorics. The next
lemma follows from the intertwining number theorem [10, 44.5], cf. [23, 4.1]:

Lemma 2.3. Let V be an F'X,-module. Then

dim Endps,, ., (V42"+1) = dim Endpy, (V) + dim Endps, (Vs ).

n+1

Lemma 2.4. Let D* be an irreducible FX,-module. Then
(1) DM+ s reducible;
(ii) DAMEn+1 has at least three composition factors unless DQZ%I 18 1rreducible.

Proof. This follows from Lemma 2.3, using Schur’s lemma and self-duality of irreducible
modules over symmetric groups. U

The following fact is proved in [24] using modular branching rules:

Proposition 2.5. [24, 3.6] Let A = AM be a JS-partition. Then D |y, = D" ® D™ for
some v # M.

Corollary 2.6. Let A =AM be a JS-partition, and A be the top removable node of \. Then
dimEndpy;, (D g, )1™") = 3. In particular, Aa has ezactly three conormal nodes.

Proof. For the first claim apply Lemma 2.3 to the F'>,,_i-module V = D)‘lzn,l using Propo-
sition 2.5. The second claim follows from the first and Theorem 2.1(i)(vi). O

The next observation on conormal nodes follows immediately from the definitions.

Lemma 2.7. Let A be a p-reqular partition of n. The two bottom addable nodes of \ are
conormal.

Lemma 2.8. Let A be a JS-partition, and A be the top removable node of \. Then A is a
conormal addable node for the partition A4.

Proof. Let A = Ay, As,..., A} (vesp. By, Bs,...,B;.1) be the removable (resp. addable)
nodes of A counted from top to bottom. By definition of JS-partitions we have res A; =
res B;_q for ¢ = 2,3,...[. Moreover, res A1 # res By = res Ay, as X is p-regular. Now the
result follows from the definition of conormal. O

Now we prove our main result on conormal nodes of Mullineux-fixed JS-partitions.

Lemma 2.9. Let n > 3, A = \M be a Mullineua-fized JS-partition, A be the top removable
node of \, and B,C be the two bottom addable nodes of A. Then res A =0, res B = —resC,
and A, B, C are the only three conormal nodes for A 4.

Proof. Assume for certainty that B is below C'. By Theorem 2.1(i), A is the only normal and
hence the only good node of X. Since A = A\M, Lemma 2.2 implies res A = 0. By Lemma 2.7,
B and C are conormal nodes for A. Moreover, it follows from Lemma 2.3 and Theorem 2.1(vi)
that B and C' are the only two conormal nodes for A. If B and C have distinct residues then

they are cogood and res B = —resC by virtue of Lemma 2.2. Otherwise C is the only
cogood node of A\, and this time Lemma 2.2 implies res C' = 0. Thus res B =resC = 0, and
so res B = —res C' anyway.

By Corollary 2.6 and Theorem 2.1(vi), A4 has exactly three conormal nodes. Since A is
one of them by Lemma 2.8, it remains to prove that B and C are conormal addable nodes
for A4. Observe that if A has at least three removable nodes then B and C are the bottom
addable nodes of A4, and so they are conormal by Lemma 2.7. If A = (I7*,15?) has exactly
two removable nodes then [; — Iy > 1 by Lemma 1.7, in which case B and C are the bottom
addable nodes of A 4, and we apply Lemma 2.7 again. Finally, the case where X\ has only one
removable node is treated using Lemma 1.6. O
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Finally, we prove a couple of very special combinatorial facts which will be used only once.

Lemma 2.10. There are no p-reqular Mullineuz-fized partitions X\ which have exactly two
normal nodes Ay and Ag, such that Ay is below Aj, res Ay = res Ay, A4, is not p-regular,
and A4, is a JS-partition.

Proof. By definition, the top removable node is always normal, so it must be A;. Since A4,
is not p-regular, we have A = (I{*,15%,...) where [; —ly = 1 and ay = p — 1. So the second
top removable node of A is normal, hence it must be As. By Lemma 1.7, A must have at least
one more removable node, so let Az be the third removable node from the top. If B is the
node immediately above Az then B is a removable node of A4,. If a; > 1 then B is normal,
which contradicts the fact that A4, is JS. Finally, if a; = 1 then Aj is normal for A 4,, which
again contradicts the fact that A4, is JS. O

Lemma 2.11. There are no p-reqular Mullineuz-fized partitions X\ which have exactly two
normal nodes A; and Ay such that res Ay # res Aa, Aa, and \a, are JS-partitions, and
(Aa,)B, = (Aa,) By, where Bj is the top removable node of 4, .

Proof. Let Ay be above Ay, and let A = (I7*,152,...,17*). Then A, is the top removable node
of X and of A4,. So A; = By and (Aa,)B, = (A4,)4,. Now (Aa,)B, = (A4,)B, implies that
Ay = By, which is only possible if a; = 1 and [; — I = 1. By Lemma 1.7, we have k > 3 so we
can pick the third removable node from the top, As, say. Since A4, is a JS-partition, we have
res A3 = res A, hence A3 is normal for A 4,, which is impossible as A4, is a JS-partition. O

3. PROOF OF THE MAIN THEOREM

‘Split-non-split’ case. Throughout this subsection A and p are p-regular partitions of n
satisfying A # AM, X\ # (n), (1), p = pM. We are interested in tensor products of the form
F*® EY. Note that in view of Lemma 1.3, FA® Eff_ is irreducible if and only if E* @ E* is
irreducible.

Lemma 3.1. The product E* ® EY is irreducible if and only if over ¥, we have D ® DH =~
D' & (D" ® sgn) with DV % D" ® sgn. In this case, B* ® B} % E* @ E" >~ E”.

Proof. If E* ® EY{ is irreducible then (D* @ D*)|, = (E*® EY) @ (E* ® E") is semisimple,
and so D*® D* is also semisimple, thanks to Lemma, 1.1. Moreover, since D*®sgn = D, we
have D* ® D* @ sgn =2 D* ® D*. So either the tensor product D* ® D* has one composition
factor D® with D" ® sgn 22 D" or it has two composition factors D and DY ® sgn, with
DY 22 DY ® sgn. But the former option is impossible by Theorem A. The rest is clear. [

Theorem 3.2. Let p > 5, n > 10, and E* % 14, E0=LY  Thep E* @ EY is reducible.
Proof. If E* ® EY is irreducible then Lemma 3.1 implies
dim Hompy, (Endp(D?), Endp(D*)) = dimEndpy, (D* @ D*) = 2.

We use Lemma 1.11 (and notation therein) to show that the first Hom-space above actually
has a larger dimension. Indeed, by Lemma 1.11, it suffices to show that the following two
conditions are satisfied:

(a) the modules (X2)*, (X2)*, and one of the modules (X3 )*, (X1)* for some i; € {1,2}
are quotients of Endp(D?), and
(b) the modules X} are submodules of Endp(D*) for k = 0,2,3,4 and some i; € {1,2}.
k

But (a) and (b) hold in view of Lemma 1.5(i),(ii), Theorem 1.13 and Proposition 1.14. [
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Tensor products involving the natural module. Now we study products of the form
E(=1LY @ EY where p is a Mullineux-fixed partition.

Theorem 3.3. The product E" 1Y g EY is irreducible if and only if pn and u is a JS-
partition with p fh(p). In this case EM=11) QE! = o= E“S, where A is the top removable
node of u and B, C are the two bottom addable nodes for p 4.

Proof. By Lemma 3.1, E"=\D @ E¥ is irreducible if and only if
DL g Dk =~ pv g D™
for some v # M. To find when this happens, note that
MOt @ Dl (1g, )1 © DI = (D], )15,
Assume first that p fn. Then M®~bD) = D=1 @ 1y, . So
(D), )™ = Dl (D01 @ DY),

Thus, we have to find when (D“izn,l)TZ” is a direct sum of three irreducible modules. By
Lemma 2.4, this can only happen if D*|y, _ is irreducible. In view of Theorem 2.1(i), this
means that p is a JS-partition or, equivalently, the top removable node A of p is its only
normal node. So, in view of Corollary 2.6 and Theorem 2.1(iii), it remains to find when the
three conormal nodes of 4 have different residues. By Lemma 2.9 this happens if and only
the bottom addable node of i has residue different from 0. But the residue of this node is
—h(u), which implies the required result.

Now assume that p|n. Then M("~LD =15 |[D(=LU|1y, . So (D#]y, )1 has a filtra-
tion with layers D#, D=1V @ D DE. In particular, it has four composition factors, exactly
two of which are isomorphic to each other. Assume that Db @ Dt = DV ® D™ for some
v # vM. By Lemma 2.4(i), D*]y__ has at most two composition factors.

If D*|y, | = DFA is irreducible then p4 has three conormal nodes, see Lemma 2.9. If
these nodes have different residues then (D*]y, )TE" has three composition factors, giving a
contradiction. So all three conormal nodes of X have the same residue 0, see Lemma 2.9 again.
The top of them, call it C, is cogood and so u§ is p-regular and appears in (D“izn_l)TE”
with multiplicity 3, see Theorem 2.1(ii)(iv). This contradiction shows that D]y, _ can not
be irreducible.

Thus, D[y, | has exactly two composition factors, say D1 and Ds. In view of Lemma 2.4,
the restrictions D;|y, _, must be irreducible. If Dy = Dy then by Theorem 2.1(i)(v), p must
have two normal nodes which satisfy the conditions of Lemma 2.10. Application of this
lemma leads us to a contradiction, so D1 2 D. In this case Theorem 2.1 implies that p has
exactly two normal nodes, say A;, Ao, such that res A; # res Ay, D*]y, | = DFAL @ DFA2,
and we may assume that D; = DF4i. Observe also that

dim Hompy,, (D*, (D“LEn_l)TZ”) =dimEndps, (D'ly _|) =2
This implies that
(DM\LEn—1)TEn ~ D'e D" o DY GBDUMa

whence dim Endps, ((D*lg, ,)1*") = 6. Now by Lemma 2.3, dim Endps,_, (D"l _,) = 4.

This shows that the irreducible restrictions D#42]y,  and D#41]y,  must be isomorphic

to each other, which is impossible by Theorem 2.1 and Lemma 2.11. O
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‘Double-split case’. In this subsection A and p are Mullineux-fixed partitions of n. As our
arguments for any product of the form F} ® EY are similar we consider only B} ® E¥.

Lemma 3.4. Assume Ej\r ® EY is irreducible. Then
dim Homp 4, (Endr(E2}), EndF(Eff_))
dimHomp 4, (Endp(E ) Homp(EY, E"))
dim Homp 4, (Homp(E?}, EY), Homp(E “,Ei))
dlmHomFAn(HomF(Ej\r,Ef),HomF(Eff_,Eff_))

Il
== = e

VARVANRVAN

Proof. Note that
Hompa, (Endr(E}), Endp(EY)) = Hompa, (B} © B, E} ® EY),
which is 1-dimensional by assumptions and Schur’s lemma. Moreover,
Homp 4, (Endp(E?), Homp (EY, E*)) = Hompa, (EX @ B, B} @ E").

If the last space is at least 2-dimensional then the simple module Eq\_ ® Efﬁ appears at least
twice in the socle of E} ® E*, which is impossible as dim(E} ® EY) = dim(E} ® E*). Next,
Homp 4, (Homp(E}, EX), Homp(E*, EY)) = Homp g, (B2 ® E*, B} @ EY),
which is at most 1-dimensional as both modules E} ® EY and E* ® E* =~ 7(E} ® EY) are

irreducible by assumption. Finally,

Homp 4, (Homp(E}, EX), Homp(EY, EY)) = Hompa, (B2 ® EY, B} @ EY),
which is at most 1-dimensional as E} @ EY; is irreducible, and dim EAQE" = dim EAQEY. O
Theorem 3.5. Let p > 5 and n > 16. Then Ej\r ® Eff_ 1s reducible.

Proof. Assume E} ® EY is irreducible. As n > 16, we have h(\), h(z) > 5 by Lemma 1.5.
So by Theorem 1.13 and self-duality of Endp(D?), the modules (X ]kk)* are quotients of
Endr(D?*) and the modules X]’.Z are submodules of Endp(D*) for k = 0,2,3,4,5, and some

Jrs Jr. € {1,2}, see the notation of Lemma 1.11. So the modules (X]’-“kLAn)* are quotients of
Endp(D*)|,, and the modules X]k, 1, are submodules of Endp(D*)] 4 . Note that
k

Endp(D")|,, = Endp(EY) ® Endp(EY) @ Homp(EY, E”) © Homp(EY, EY)
for v = XA or p. Let us denote
M, (v) := Endp(EY) ® Endp(E”), Ms(v) :=Homp(EY,E")®Homp(E”,EY).
By Lemma 1.2, Corollary 1.10 and the remarks above, there are numbers r, s € {1,2} and
m,l € {0,2,3,4,5}, m # [, such that (X7" ], )", (le-liAn)* are quotients of M, ()\) and
XA, X]l.;i 4, are submodules of M(1). We will show that this contradicts Lemma 3.4.

Indeed, consider for example the case r = 1, s = 2, the remaining three cases being similar.
First, we claim that X7 ], and le.,iAn are submodules of Homp (EY, E"). Indeed, by
m l

Corollary 1.4,
My (p) = Homp(EY, E") ® Homp(E", EY) = Homp(EY, E") & “ Homp(EY , E").
As X]]?I,ciAn = ”(X]]?I,ciAn), we have X]]'C;}An is a submodule of Homp(EY , EY) if and only if it is
a submodule of “ Homp (EY, E"). Now the claim follows from Lemma 1.2 and Corollary 1.10.
Similarly, (XﬂLAn)* and (X]l',iAn)* are quotients of EDdF(E_)'\_). So, by Corollary 1.12,
we have dim Homp 4, (Endr(E?}), Homp(EY, E*)) > 2, giving the desired contradiction with

Lemma 3.4. O
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