Chapter 2

Siegel Lemma

2.1 Basic version

We start with the very basic version of Siegel’s Lemma.

Lemma 2.1.1. Let a;j € Z withi=1,...,M and j =1,...,N. Assume that a;; are not all 0
and |a;j| < B for all i and j.
If N > M, then the homogeneous linear system
a1121 + a2 + - +aiyey =0
a2121 + agax2 + -+ + aayry =0

apxy + aproxe + - +Faynvry =0

has a non-zero solution (z1,...,xN) € Z with
M
max [z;] < [(NB)~¥=a1 ].
J

In practice, it is more convenient to denote by A = (a;;)1<i<m, 1<j<n Which is a non-zero
M x N-matrix with entries in Z. The upshot of this lemma is that the linear system Ax = 0
has a small non-zero solution provided that N > M. Here small means that the height of this
non-zero solution is bounded in terms of N, M and h(A) It should be understood that M is
the number of equations and N — M is the dimension of the space of solutions.

Proof. We may and do assume that no row of A is identically 0. Thus M > 1. For a positive
integer k, consider the set

T:={xcZ":0<x;<k, j=1,...,N}.

Then #7 = (k + 1)V.
Next, for each i € {1,..., M}, denote by S;“ the sum of the positive entries in the i-th row
of A, and by S, the sum of the negative entries. Then

For x € T and y := Ax, we have kS; <y; < kS;" for each i. (2.1.1)

Next, set
T :={y € Z" : kS; <y; <kS; for each i}.

UHere h(A) is defined to be the height of [ai;]:,; viewed as a point in PN =1(Q).
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Then for B; := max; |ai;|, we have Sf — S; < NB; and we can conclude that #7" <
MM, (NEB; +1).
Now take &k := [[TM,(NB;)Y/N=")| Then NkB; +1 < NB;(k + 1) because N > M > 1,

and hence
M M M

[[(VEB; +1) < [[NBi(k+1) = (k+ )M [[ N B:.
i=1 =1 =1

On the other hand, [T, (NB)/N=M) <k 4+1. So

M
[I(NVEB: + 1) < (k+ DMk + DN M = (k+ 1)V = #T.
=1

We have seen that #7” is bounded above by the left hand side. So #T1" < #T. By the Pigeonhole
Principle and (2.1.1), there exist two different points x’, x” € T such that Ax' = Ax”.
Now x := x’—x" is a non-zero solution of the linear system in question such that max; |z;| <

k= LHiJ\il(NBi)l/(N—M)J < L(NB)M/(N_M)J, -
This basic version self-improves to a version for number fields.

Lemma 2.1.2. Let K C C be a number field of degree d, and let |- | be the usual absolute value
on C. Let M, N € Z with 0 < M < N. Then there exist positive integers C1 and Co such that
the following property holds true: For any non-zero M x N-matrix A with entries am, € Of,

there exists x € OX \ {0} with Ax =0 and
H(x) < C1(CoNB)v-1

where B := maXgm n |0(amn)| with o running over all the embeddings K — C.

The constants C7 and Cy depend only K (and hence d), M and N, but they are independent
of the choice of the matrix A By the Fundamental Inequality (Proposition |1.2.10]), B can be

bounded by H(A) with A viewed as a point (Gmsn)m.n € @MN

Proof. Let wq,...,wyq be a Z-basis of Ok. The entries of A may be written as
Amn = Za%%wj, a%)n SYA (2'1'2)
_ N o _\d (k)
For each x = (x1,...,2n) € O, using , = > 3, Tn, 'wj, we get
N d d
=22 o e ZZ Z S,
n=1 ]{ZZ =1 n= 1] k 1

where wjwy, = Zle bg.lk)wl. Set A’ to be the (Md) x (Nd)-matrix

o 0]
>l

Rl fact by the proof, one can see that C2 depends only on K.
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with rows indexed by (m, ) and columns indexed by (n, k). Write y € Z for the vector (%(11@))
Apply the basic version of Siegel’s Lemma, Lemma to A’. Then we obtain a non-zero
integer solution y with A’y = 0 such that

9 ) ) NJX[]M
H(y) < | Nd° max |a,},,| max |b/| .
m.n.j gkt
As z, = Zizl xq(lk)wk for each n, we then obtain a constant C; such that H(x) < C1H (y).

Next we wish to bound max; ]a%)ﬂ in terms of max, .y |0(amn)|. Let o run over the d =
[K : Q)] different embeddings K < C. Apply each o to (2.1.2). It is known from Algebraic
Number Theory that the d x d-matrix (o(w;))s,; is invertible‘ So we obtain a constant C
such that
mjax\a%%] <} max |0 (amn)]-

Thus we can conclude by taking Cy := Cd> max; j; ; |b§lk)| O

Next, we also have the following relative version of Siegel’s Lemma.

Lemma 2.1.3 (Relative version of Siegel’s Lemma, basic version). Let K be a number field of
degree d. Then there exists a positive number C such that the following property holds true For
any M,N € Z with 0 < dM < N and any non-zero M x N-matriz A with entries am, € Ok,
there exists x € ZN \ {0} with Ax = 0 and

H(x) < [(CNB)~~in |

where B := maXym.n |0(a4mn)| with o running over all the embeddings K — C.

Again, by the Fundamental Inequality (Proposition|1.2.10), B can be bounded by H(A) with

A viewed as a point (amp)mn € @MN. We emphasize that the constant C' depends only on the
field K.

Proof. Let wi,...,wq be a Z-basis of Ok. For the entries of A = (), we have
d .
Cmn, = Za%%wj (2.1.3)
j=1

for uniquely determined a%)n € Z. Consider the M x N-matrix AU) = (a%)) for each j €
{1,...,d}. Then for x € QV, the equation Ax = 0 is equivalent to the system of equations

AWx =0 for all j =1,...,d. This new system has dM equations and N unknowns. Write A’

A

for the dM x N-matrix : |. Since dM < N, we can apply Lemma [2.1.1| to find a non-zero
Ald)

solution x = (z1,...,2yx) € Z with

. dM
max |z;| < [(N max |a{),|) ¥~ |.
? m,n

)10y,

It remains to compare maxy, n j ]a%)ﬂ and maxy ., |0(amn)|. We use the same argument as for
Lemma Let o run over the d = [K : Q] different embeddings K < C. Apply each o to
(2.1.3). It is known from Algebraic Number Theory that deg(a(wj))ij = Disc(K/Q) # 0. So

we obtain a constant C' such that max; \a,(%m < Cmax, |0(amn)|.- Hence we are done. O
Pldeg(o(w)))3,; = Disc(K/Q) # 0.
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2.2 Faltings’s version of Siegel’s Lemma

In his famous paper Diophantine approximation on abelian varieties (Annals of Math.
133:549-576, 1991), Faltings proved a fancier Siegel’s Lemma. It plays a fundamental role for
his proof of the Mordell-Lang Conjecture. In this section, we discuss about this.

2.2.1 Background and statement
Recall the following basic version of Siegel’s Lemma, Lemma [2.1.1]

Lemma 2.2.1. Let A = (a;5) be an M x N-matriz with entries in Z. Set B = max; ; |ai;|. If
N > M, then Ker(A) contains a non-zero vector x = (x1,...,xn) € ZN such that

max |z;| < (NDB) Nw
J

Let us digest this lemma in the following way. The matrix A defines a linear map o: RV —
RM such that o(Z") C ZM, i.e o maps the lattice Z into the lattice ZM. If N > M, then we
are able to find a non-trivial lattice point of small norm in Ker(a). As we said before, N — M
should be understood to be dim Ker(A) (although in the current formulation they may not be
the same).

Faltings’s fancier version looks not for only one, but for an arbitrary number of linearly
independent lattice points in Ker(«). To say that these lattice points are of small norm, we use
the successive minima. Moreover, it is more natural to work with arbitrary normed real vector
spaces.

Let (V]| - ||) be a finite dimensional normed real vector space, and let A be a lattice (a
discrete subgroup of V' which spans V'). Denote by B(V') the unit ball {x € V : ||z|| <1} in V.

Definition 2.2.2. The n-th successive minimum of (V.| -||,A) is

AV -], A) : =inf{t > 0: A contains n linearly independent vectors of norm < t}
= inf{t > 0:tB(V) contains n linearly-independent vectors of A}.

Next for two normed real vector spaces (V, || - ||v) and (W, | - ||w), the norm of a linear map
a:V — W is defined to be

llo]| == sup{”a<$)HW :x;«éO}. (2.2.1)

[

We are ready to state Faltings’s version of Siegel’s Lemma.

Theorem 2.2.3. Let (V|| - |v) and (W,]|| - |lw) be two finite dimensional normed real vector
spaces, let Ay be a lattice in V' and Ay be a lattice in W.

Let a: V. — W be a linear map with a(Ay) C Ay . Assume furthermore that there exists a
real number C' > 2 such that

(1) llall < C,
(ii) Ay is generated by elements of norm < C,

(iii) every non-zero element of Ay and of Ay has norm > C~1.
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Then for U := Ker(a) with the induced norm || ||y (the restriction of || ||y on U) and the lattice
Ay = Ay NU, we have

: . 1/(dim U—n)
A1t (Us || - [lus Av) < <nglmv . (dlmV)!)

for each 0 <n < dimU — 1.

Notice that the hypotheses (i)—(iii) can always be achieved by enlarging C'.
The basic version of Siegel’s Lemma (Lemma [2.2.1), up to changing the constant, follows
from Theorem [2.2.3] with n = 0.

2.2.2 Proof of Theorem [2.2.3

The proof of Theorem uses Minkowski’s Second Theorem.
Let (V,] - |lvsAv) be a finite dimensional normed real vector space with a lattice. Set
dy = dim V. For simplicity, denote by

dy

V/IAv ={veV:iv=> XNu, 0< ) <1}
j=1

where {v1,...,v4, } is a basis of Ay. Notice that V/Ay depends on the choice of the basis.

We can endow V' with a Lebesgue measure py as follows. Fix an isomorphism ¢: V =~
R and use p to denote the standard Lebesgue measure on R% . Then set for any Lebesgue
measurable A C R4

v (671(4)) = (A). (2.2.2)
Up to a constant, there is only one Lebesgue measure on V. Thus the quantity

py (B(V))
pv (V/Av)

does not depend on the choice of uy; it clearly does not depend on the choice of the basis of Ay
in the definition of V/Ay.

Vol(V) = Vol(V, || - |lv, Av) := (2.2.3)

Theorem 2.2.4 (Minkowski’s Second Theorem). With the notation above, we have
2dV dV )
al B g)\n(V» |- lv,Av) - Vol(V) < 2.

Here we used the fact that the unit ball B(V') is convex and symmetric (i.e. B(V) = —B(V)).

To apply Minkowski’s Second Theorem to prove Theorem we need one last preparation
on the quotient norm. More precisely, on V /U, we consider the norm

[ollvyo = inf{{lv+ully :u e U}

for each v € V. Having this norm, we can define the unit ball B(V/U). Moreover, a(Ay) is
a lattice in «(V'), which can then be viewed as a lattice in V/U by the natural isomorphism
V/U >~ a(V). So we can define Vol(V/U) := Vol(V/U, || -||v/r7, a(Ay)). Recall the notation from
Theorem we naturally have the quantity Vol(U) := Vol(U, || - ||, Av).

Lemma 2.2.5. Vol(V) < 24mUVol(U)Vol(V/U).
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Proof of Theorem [2.2.5 assuming Lemma[2.2.5. We will identify V/U ~ «(V) in the proof.
Take w € a(Ay) \ {0}. Write w = a(v) for some v € Ay. Then

o)l o,

= inf >4 07
ol = inf o+ uly > R >

here the last inequality follows from hypotheses (i) and (iii). In particular, this implies that
MU - llvyos a(Ayv)) = C2

Write dy := dim V' and dy := dim U. Minkowski’s Second Theorem (applied to V/U) yields
M (VU - lvyws a(Ay)) I VU Nol(V/U) < 29mV/U | Thus from the paragraph above, we get
Vol(V/U) < (202)dv—du,

Next, by hypothesis (ii), we have Ag,, (V, |- |lv, Av) < C. Thus Minkowski’s Second Theorem
(applied to V) yields Vol(V) > 29v O~ /dy!.

Apply Lemma and the volume estimates above. Then we get

Vol(U) ™! < ¢3dv=2du . g1, (2.2.4)

We apply another time Minkowski’s Second Theorem (to U). For each 0 < n < dy — 1, we
then get )\1(U, H . HU,AU)n . )\n+1(U, H . HU,AU)dU_n VOI(U) < 2u  But /\1(U, || . ||U7AU) > Cc-1
by hypothesis (iii). So we obtain

A1 (U |- s Av) < <2dUVol(U)’1C”)1/ o
< (Qducn+3dv—2dy .dvg)l/(dU_n) by ([2.2.4)
< (Cde .dv!)l/(dwn)_
Hence we are done. O

Proof of Lemma |2.2.5. Write dy := dim U and dy := dim V.
Let py and py be the Lebesgue measures on V' and U, respectively. On V/U we have a unique
Lebesgue measure iy determined as follows: For any uy-measurable subset £ C V, we have

pv(E) = fe(@)dpyu(0)
VU

where fp(¥) := py {u € U : u+ v € E}); here fg(7) is independent of the representative v because puy
is translation invariant.

We compute fpvy(v) for v € V/U. If v ¢ B(V/U), then [jv|ly > 1. So v ¢ B(V) for v + u for all
u € U. Thus fgy)(¥) = 0 in this case. If v € B(V/U), then v 4+ u € B(V) for some v € U. Thus
ullv < llu+vllv + lvllv < 2. So fea) (@) < pu(2B(U)) = 2% - py(B(U)) in this case. In either case,
we have

v (BOV)) < 20 - us (BU)) - vy (BOV/U)). (2.2.5)
Next we turn to fy/a, (U). Let {u1,...,uq,} be a basis of Ay = Ay NU and expand it to a ba-
sis {u1,..., Udy, V1, -y Vdy—dy } Of Ay, Then {T1,...,04q,—q,} is a basis of a(Ay). For each 7 €

(V/U)/a(Av), we have
fvyny @) = po {u e U utv e V/Av}) = pu(U/Ay).
Otherwise fy/s, (7) = 0. So
pv (V/Av) = po(U/Av) - pyyu (V/U) Je(Av)) (2:2.6)
Now the conclusion follows from the definition of the volumes Vol(V) = uy (B(V))/puy (V/Av) ete. O
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2.3 Arakelov height of matrices

While the basic versions of Siegel’s Lemma are sufficient for many applications, we state and
prove a generalized version. Its proof, which is by the Geometry of Numbers and in particular
uses the adelic version of Minkowski’s second main theorem, is of particular importance.

Theorem 2.3.1. Let A be an M x N-matrix of rank M with entries in a number field K of
degree d. Then the K-vector space of solutions of Ax = 0 has a basis X1, ...,XN_M, contained

in (’)%, such that
N—M
N-—M
[I Hx) < [Dijol 2 Hac(A),
=1

where Dy q s the discriminant of K over Q.

There are several things to be explained for this statement. First, H(x) = exp(h(x)) is
the multiplicative homogeneous height with x considered as a point in PV ~!(K); thus we may
assume X € (’)% because we can replace any solution by a non-zero scalar multiple and this does
not change its height. Second, we need to define the Arakelov height Ha,(A) of the matrix A;
this is what we will do in this section.

Moreover, there is also a relative version for this generalized version. See Theorem [2.4.3]

2.3.1 Arakelov height on PV
Recall the Weil height which we defined before. For a point x = [zg : -+ : zy] € PV (K), we

have

[K : Qlh(x) = Z logmjax||a:j||v+Zlogm]aXH:chU = Z logm;xx\|xj||v+Z[Kv : R] logmjax|:cjlv.

veMY v|oo veMY v|oo

There are other choices for the height function on PV (Q). In Arakelov theory, a more nat-
ural choice is to replace the L*-norm max; |z;|, at the archimedean place by the L?-norm

N 5\ 1/2
<Zj:0 \azj|v) . In other words, we define:

Definition 2.3.2. For x = [zg:---: xn] € PY(Q) with each z; € K, define
X N 1/2
har(x) = | Y logmax||z;ll, + Y [K, : Rllog [ Y |zl7
5 Q) verd v]oo =0

One can check that ha,(x) is independent of the choice of the homogeneous coordinates (by
the Product Formula) and of the choice of the number field K.
To ease notation, we introduce the following definition.

Definition 2.3.3. For x = [vg:...: xn] € PY(K) and v € M, set
Mol — o (B Q@] e :
max; ||z, = max; [z;]v if v is non-archimedean,
H,(x) := N o\ /2K uE] o _
(ijo ]a:j\v> if v is archimedean.
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With this definition, the following holds true. For x = [xg : --- : ] € PV(Q) with each
z; € K, we have
1
har(x) = ——= Z log Hy(x). (2.3.1)
[K:Q] &
K

The following lemma will be proved in the Exercise class.
Lemma 2.3.4. On PN (Q), the height functions h and ha, differ from a bounded function.

Thus in view of the Height Machine, ha; is in the class represented by hpn o(1).

2.3.2 Height of matrices

We start by defining a height function on the Grassmannians. Let W be an M-dimensional

_ . _ (N
subspace of QN. Then AMW is a 1-dimensional subspace of AM QN o Q(M ) Thus we may view
W as a point Py of the projective space IP’(AM@N).

Definition 2.3.5. The Arakelov height of W is defined to be ha (W) := har(Pw). We also
define the multiplicative Arakelov height Har(W) := exp(ha,;(Pw)).

Now we are ready to define the Arakelov height of a matrix A.

Definition 2.3.6. Let A be an N x M-matriz with entries in Q.

(i) Assume rkA = M. Then ha,(A) is defined as ha,(W), where W is the subspace of @N
spanned by the columns of A

(ii) Assume tkA = N. Then ha,(A) := ha(A?) with A? the transpose of A.
We also define the multiplicative Arakelov height Har(A) := exp(har(Pw)).

In general, A may not have the full rank. We then consider the subspace spanned by the
columns or by the rows. This will lead to hCAOrl and hYY. We omit the definitions here but the
idea will show up in the discussion of the generalized Siegel’s Lemma in the next section.

We start with the following lemma, which makes the two parts of Definition more
“symmetric”.

Lemma 2.3.7. Let A be an N x M-matriz with entries in Q. Assume tkA = N. Then ha (A)
equals the Arakelov height of the subspace of @M spanned by the rows of A.

Proof. Consider the transpose A! of A. It can be easily seen that A’ is an M x N-matrix of rank N,
and hence defines an injective linear map @N — @M, which by abuse of notation we still denote by A?.
Part (i) of Definition (applied to A) says that ha,(A") equals ha, (W) with W C @M the subspace
spanned by the columns of A’. Notice that W = Im(A").

The matrix A defines a linear map A: (@M)* — (@N)* which is the dual of A*. Consider the
subspace Ker(A) of (@M)*. Its annihilator Ker(A4)1 in ((@M)*)* = @M then equals Im(A*) = W by
Linear Algebra. It is known that Ker(A)* is spanned by the rows of A, and so is W. Hence we are done
because ha,(A) = har(AY) = ha(W). O

Proposition 2.3.8. Let W be an M -dimensional subspace of@N and let W be its annihilator
in the dual Q") ~Q". Then hay(W*) = ha(W).

MINotice that A defines a linear map A: R™ — RY. The subspace W is precisely the image of this map. The
assumption rkA = M is equivalent to the map A being injective.
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This proposition has the following immediate corollary.

Corollary 2.3.9. Let A be an N x M-matriz with tkA = N and with entries in Q. Then the
Arakelov height of the space of solutions of Ax = 0 equals hay(A).

Proof. We have ha,(A) = hat(AY) = ha (Im(AY)). But Im(A") = Ker(A)+. So ha(A) =
har(Ker(A)1), which then equals ha.(Ker(A)) by Proposition Hence we are done. O

Proof of Proposition|2.3.8. Write V = @N. Any element z € AMV defines a linear map ¢(x): AN™M
V — ANV, y = 2 Ay, and thus an element (z) € ANV @ AN=M(V*). In other words, we obtained a
map

o: AMV = ANV @ ANTM(V),
Then ¢ is an isomorphism and (better) each element of the canonical basis of AMV is mapped to an
element of the canonical basis of ANV @ AN=M(V*) up to a sign.

Notice that ANV is a line. So it is easy to check that for any non-zero z € AMW (which is a
line), the image of 1 (x) is ANV and the kernel of 1 (x) is the subspace of AN~MV generated by the
elements of the form w A z with w € W and z € AN"M=1V. Thus p(AMW) = ANV @ AN-M(WL).
Hence the coordinates of AMW in P(AMV) are, up to a sign, equal to the coordinates of AN~ (W) in
P(AN=M(V*)). This proves the proposition. O

We finish this section by the following explicit formula for the definition of ha,(A). Let A
be an N x M-matrix with entries in Q.

For simplicity we only consider the case tkA = M. Let I C {1,..., N} with |[I| = M. Denote
by Ar the M x M-submatrix of A formed with the i-th rows, i € I, of A. Then the point in
P(AN @M) corresponding to Im(A) is given by the coordinates det(Ay), where I ranges over all
subsets of {1,..., N} of cardinality M.

Let K C Q be a number field which contains all entries of A. For each v € M, set

(A) = maxy | det(AI)\LK”:Qp] = maxy || det(Ar)|l» if v is non-archimedean,
ST, L det(A)2) P 2 det(A A) |2 2 | det(A*A)||Y/?if v s archimedean,
(2.3.2)

Here A* = A' is the adjoint of A, and Y, |det(As)|% = |det(A*A)|, at the archimedean places
by the Binet Formula.
Under this convention, we have

har(A) = [Kl(@] Z log H,(A). (2.3.3)

An immediate corollary of this explicit formula is:
Corollary 2.3.10. Let G be an invertible M x M-matriz. Then ha,(AG) = ha,(A).
Another application of this explicit formula is:

Corollary 2.3.11. Let B and C be two complementary submatrices of A of type N x My and
M x My respectively. Then hay(A) < har(B) + har(C).

Proof. We only give a sketch. It suffices to prove H,(A) < H,(B)H,(C) for each v € Mg. If
v is non-archimedean, it follows from Laplace’s expansion. If v is archimedean, it follows from
Fischer’s inequality

Cc*B C*C

Alternatively, this corollary is an immediate consequence of the important theorem of Schmidt

(independently of Struppeck—Vaaler) hay(V + W) + har (VN W) < har(V) + ha (W) for any
—M

subspaces V., W of Q . O

det <B B B C) < det(B* B) det(C*C).
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2.4 Generalized Siegel Lemma by Bombieri—Vaaler

The goal of this section is to have a deeper discussion of the generalized Siegel’s Lemma by
Bombieri—Vaaler (Theorem [2.3.1)); in particular we give its proof. We repeat the statement here.

Theorem 2.4.1. Let A be an M x N-matrixz of rank M with entries in a number field K of
degree d. Then the K-vector space of solutions of Ax = 0 has a basis x1,...,XN_p, contained
in O, such that

N-M N-—M
[I Hx) < IDijgl 2 Har(A),
=1

where D q is the discriminant of K over Q.

As said below Theorem there is no deep information about the x;’s being contained
in OF.

In practice, we may not always assume that A has maximal rank M. This can be obviated.
We hereby state a corollary of Theorem which bounds the heights of the solutions by the
(multiplicative) Weil height instead of the Arakelov height.

Corollary 2.4.2. Let A be an M x N-matriz of rank R with entries in a number field K of
degree d. Then there exists a basis X1,...,XN_pr of the kernel Ker(A), contained in (9%, such

that
N-R

[T 20 < |Dijol 5" (VNH@))"
=1

Here H(A) is the multiplicative Weil height of the point |a;;]; j viewed as a point in PMN=1(K),
with a;; the entries of A.
In particular, there is a non-zero solution x € O% of Ax = 0 with

H(x) < | Dy g2 (WH(A))NIER.

2.4.1 Proof of Corollary assuming Theorem

The “In particular” part follows clearly from the main part. So we will focus on proving the
main part.

As 1kA = R, there is an R x N-submatrix A’ of A with rkA’ = R. Applying Theorem

to the matrix A’ we get a basis x1,...,xy_pg of Ker(A) such that
N—R NR
I #x) < [Dgjgl 22 Har(4). (2.4.1)

=1
On the other hand, if we denote by A,, the m-th row of A, then Corollary |2.3.11| implies
that
HAr(A/) < HHAr(Am)y
m

where m runs over the R rows of A’. Furthermore, the following inequality clearly holds true
by definition
Har(An) < VNH(A).

Now, the two inequalities above yield Ha,(A’) < (VNH(A))E. So we can conclude by (2.4.1).
O



2.4. GENERALIZED SIEGEL LEMMA BY BOMBIERI-VAALER 35

2.4.2 Relative Version

As for Lemma with respect to Lemma we also have the following relative version of
this generalized form of Siegel’s Lemma.

Theorem 2.4.3. Let K be a number field of degree d and F/K be a finite extension with
[F': K| =r. Let A be an M x N-matriz with entries in F.

Assume rM < N. Then there exists N — rM K-linearly independent vectors X; € (’)% such
that Ax; =0 for each l € {1,...,N —rM} and

N—rM Nt M
[ Hx) < Dol 5 T] Har(Ay)'.
=1 =1

where A; is the i-th row of A.

The proof follows the guideline set up in Lemma [2.1.3]

Proof. Let wy,...,w, be a basis of F/K. For the entries of A = (ay,), we have

r

Amn = E av(q]v,)nwj

j=1

for uniquely determined a%)n € K. Let AY) be the M x N-matrix with entries a%)n. Then
for x € K%, the equation Ax = 0 is equivalent (tl(; te system of equations AWx = 0 for all
A
j=1,...,r. Write A’ for the rM x N-matrix : |. Denote by R :=r1kA’.
Alr)
It is attempting to apply Theorem to A’. But we need to do one more step. Let
01, . -.,0 be the distinct embeddings of F' into K over K. Let ) be the rM x rM-matrix built
up by 72 blocks of M x M-matrices ;; = 0;(w;) . By construction of A, we have

1A
A" = : =0A.
oA

From Algebraic Number Theory, it is known that Dp i = det(oi(w;))?. Thus Q is invertible,
and its inverse is again formed by 72 blocks of multiples of Ij;. In particular, tkA” = rkA’ = R
and Ker(A”) = Ker(A').

There exists an R x N-submatrix A" of A’ with tkA"” = R. Applying Theorem [2.4.1]to A",
we get a basis x1,...,xy_pg of Ker(A”) = Ker(A’), contained in O, such that

N—-R

[] ) < Dol 5 Har(A™),
=1

If we denote by A, the m-th row of A”, then Corollary [2.3.11|implies that

Har(A") < [ Hae(A7),
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where m runs over the R rows of A”. Thus if we rearrange our basis x; by increasing height, we
have

N—rM N—rM
N—rM N—R N—-R N N—R
Il Ex) < | J] Hx) < |Dgjgl 2 | [] Har(AL) . (2.4.2)
=1 =1 m
By definition of the Arakelov height, we have H, takes valuein [1,00). Thus ([[,, Har(A],)) VR <
H:fl Ha,(A). Now the conclusion follows because Ha, is invariant under each o;. O

Below is reading material. It will not be covered in the main lectures or in the Exercise class.

2.4.3 Adelic version of Minkowski’s Second Theorem

The proof of Theorem [2.4.1] uses geometry of numbers over the adeles and Minkowski’s Second Theorem.
In this subsection, we introduce/recall these prerequisites.

Let K be a number field, v € Mg and K, be the completion of K with respect to v. It is known
that K, is a locally compact group.

The ring of adéles of K is the subring

Ag = {x=(1,) € H K, : x, € R, up to finitely many v}.
vEMg

of HUE Mr K,.
One should be careful with the topology on Ag. It is not induced by the product topology on
Il.c . B! Rather, we consider for each finite subset S C My containing all archimedean places the

product
Hg := HKU X HRU.
veES vgS

The product topology makes each such Hg into a locally compact topological group. The topology which
we put on Ak is the unique topology such that the groups Hg are open topological subgroups of Ak. In
fact, this makes A a locally compact topological ring.

It is known that the diagonal map K — Ak, z — (2,)ver,, makes K into a discrete closed subgroup
of Ag. Moreover Ak /K is compact.

Let v|p € Mg. Then K, is a locally compact group with Haar measure uniquely determined up to a
scalar. We normalize this Haar measure as follows:

(a) if v is non-archimedean, (3, denotes the Haar measure on K, normalized so that

Bo(Ry) = Dk, g, 13/*
where R, is the valuation ring of K, and D, /g, is the discriminant;
(b) if K, = R, then S, is the usual Lebesgue measure;
(¢) if K, = C, then j, is twice the usual Lebesgue measure.

For each finite subset S C M containing all archimedean places, the product measure g := [],cg 8o ¥
st Bulr, is then a Haar measure on the open topological subgruop Hg of Ax. The measures fSg fit

together to give a Haar measure 8 on A K

Let N be a positive integer. For each (archimedean) v|oo, let S, be a non-empty convex, symmetric,
open subset of K¥; here “symmetric” means S, = —S,,. For each (non-archimedean) v € MY, let S, be

BIWith this in hand, we can shortly explain why we take the normalizations above. The Haar measure  on
Ak induces a Haar measure 8, , /x on the compact group Ag /K, and the normalization above makes the volume
of Ak /K to be 1.
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a K,-lattice in K, i.e. a non-empty compact open R,-submodule of K¥. Assume that S, = RY for all
but finitely many v. Then the set

A;:{xeKN:xeSvforallveM?(}

is a K-lattice in K, i.e. a finitely generated Ox-module which generates K~ as a vector space.
Moreover, the image A, of A under the canonical embedding KV < E., :=[], ., K is an R-lattice in

E.. 6]

Definition 2.4.4. The n-th successive minimum of the non-empty convex symmetric open subset
Seo 1= HU|OO Sy of Es with respect to the lattice Aoy i

v|oo

Ap = 1nf{t > 0: tSo contains n K-linearly independent vectors of Ao}
Now we are ready to state (the adelic version of) Minkowski’s Second Theorem.

Theorem 2.4.5 (Minkowski’s Second Theorem, adelic form). The successive minima defined above sat-
isfy
M- an)® I Bo(S,) < 2.

vEM K

Here, the product [[,c,;, B0(Sy) should be understood to be the volume of S with respect to the
Haar measure on A g defined by the 5,’s at each v € M.

2.4.4 Setup for the application of Minkowski’s Second Theorem

For the purpose of proving Siegel’s Lemma in the form of Theorem we do the following preparation.
For the sets S,: First, let QY be the unit cube in K of volume 1 with respect to the Haar measure
By More explicitly, x = (z1,...,7x) € QY if and only if

max, [|z,[, < 3 if v is real

2
1 . .
5- if v is complex

maxy, |zn]ls <1  if v is non-archimedean.

maxy, ||znlls <

Let A be an N x M-matrix with entries in K such that rkA = M. Set
S, :={y e KM: Ay € QN}. (2.4.3)

If v is archimedean, then S, is a non-empty convex symmetric bounded open subset of KV; indeed, under
the injective linear map x +— Ax, the image of S,, is a linear slice of the cube QY. If v is non-archimedean,
then one can show that S, is a K,-lattice in KM and that S, = RM for all but finitely many v; in fact
in this case we have the following more precise result.

Proposition 2.4.6. Let v € MY lying over the prime number p. Then S, is a K,-lattice in KM and
S, = RM for all but finitely many v. Moreover, we have

Bu(S.) = 1D, jg, [}"/? (max [ det(A) )

where I runs over all subsets of {1,..., N} of cardinality M, and Ay is the M x M-matriz formed by the
i-th rows of A with i € I.

[ This is the familiar notion of a lattice, namely Ao is a discrete subgroup fo the R-vector space Es and that
E /A is compact.
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Proof. Choose a subset J C {1,...,N} of cardinality M such that | det(A,)|l, = max; || det(As)|l»-
Without loss of generality, we may assume J = {1,...,M}. Then W := AA;1 is of the form

w- (1),

For any subset I C {1,..., N} of cardinality M, we have || det(W7)||, < 1 by choice of J. In particular,
taking I = {1,...,01—1,1+1,....,.M, M + j} we get

lwarsjalle = | det(Wr)]l» < 1.
Thus all entries of W are in the valuation ring R, and this proves
A8, ={y e K} :WyeQ)}=R). (2.4.4)

This proves that S, is a K,-lattice in KM and that S, = RM for all but finitely many v
It remains to compute 3,(S,). It is known that under the linear transformation y — A;'y on KM,
the volume transforms by the factor || det(A;)||; 1. Thus

[
Bo(Ss) = Il det(An) ;" Bo(RY) = || det (AN 1D, s, [
which is what we desire. O
We also need to bound 3,(S,) from below for v archimedean. For this purpose, we have
Proposition 2.4.7. Let v € Mg with v|oco. Then

By(Sy) > || det(A*A)||; /2

where A* = A' is the adjoint of A.
Proof. The proof uses Vaaler’s cube-slicing theorem, which we state here without proof.

Vaaler’s cube-slicing theorem. Let N = nj +---+n, be a partition. Let Qn := Byn,) X+ X Byn, ),
where each B, () is the closed ball of volume 1 in R™ centered at 0 For a real N x M-matrix B of
rank M, we have

det(B*B)~'/2 < Vol ({y e RM : By € Qn}). (2.4.5)

An easier way to understand this volume bound is as follows. Let L := Im(B) C RY which is an M-
dimensional subspace. Then (2.4.5) is equivalent to 1 < Vol(Qx N L), i.e. the volume of a slice through
the center of a product of balls of volume 1 is bounded below by 1.

Now we go back to the proof of Proposition If K, = R, then this is for r = N and
ny=-=ny=1 Assume K, = C. Write A =U ++/—1V and y = u+ /—1v for real U, V,u,v. Thus
KM ~ R?M 'y s (u,v). Similarly we have K¥ ~ R?". Now, the linear map y — Ay is given by the
real 2N x 2M-matrix

A/:(g UV>
and
QYN = {(u,v) ERQN:U?—H}? < ;ﬂ}
Byform:~--:nN:2,Wethenhave

By(Sy,) > det(AA")~1/2,

Since A + A’ is a ring homomorphism from the complex N x M-matrices to the real 2N x 2M-matrices,
we have det(A"A’) = det((A*A)") = det(A*A)%2. Hence we can conclude. O

[M1So the radius of By is p(ng) = 7 Y20 (ny /2 + 1)V
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2.4.5 Proof of Theorem [2.4.1]

With the preparation from last subsection, we prove Bombieri—Vaaler’s Siegel Lemma in this subsection.
We start with:

Proposition 2.4.8. Let A be an N x M -matriz of rank M with entries in K. Then the image of A has

a basis x1,...,Xp with
Ms

M . M
T] Hexn) < (2) Dol ¥ Hau(A)
m=1

T
where s is the number of complex places of K and d = [K : Q.
Proof. By Proposition [2.4.6] and Proposition we have

-1

II 6osv) > T 1Dk lp™? | TT maxiidet(Apy - [T 11 det(A*A)[/2

vEMK veMY, veMY v|oo

By ([2.3.3), this becomes

IT setsv) = | T 1Pxuse, b | Has(A)™7

vEMpE veM?Y,

It is known, from Algebraic Number Theory, that [Dg ql, = [1,, [Pk, q,lp for each prime number p.

vlp
Thus the Product Formula implies |Dg /q| ™ = HUGM?{ |Dk, /q,lp- So the inequality above becomes

IT 8.(Sv) = | Dkjgl ™™/ Har(A)~".

vEMEK
Thus, Minkowski’s Second Theorem, Theorem yields
A A < 2M Do M2 Ha (A). (2.4.6)

It remains to use the successive minima find the desired basis. For the specific sets S, constructed in
([2:43), recall the K-lattice A = {x € KV : x € S, for all v € MY} which is identified with its image
A, under the canonical embedding K~ «— E,, = Hv‘oo KN. Let y € KM be a lattice point in A\S,, for
some A > 0 and let x = Ay. Then the definition of Soc =[], ., Sv yields max,, |z,]l, < A/2 if v is real,
max, ||z,|l, < A?/27 if v is complex, and max,, ||z, ||, <1 if v € M. Thus we have

v|oo

A2\
H(Ay) < = () . (2.4.7)
2\ 7
By the definition of successive minima, there are linearly independent lattice points yi,...,ya € K™

such that y,, € M\pSs for each m € {1,...,M}. Then we obtain the desired basis from (2.4.6) and
(12.4.7)), with x,, = Ay . O

Proof of Theorem[2.4.1. For the M x N-matrix A of rank M, its transpose A’ is an N x M-matrix of
rank M. It is attempting to apply Proposition directly to A?, but we need to do more.

We wish to find a basis of Ker(A4) of small height. To do this, we first of all take an arbitrary
basis y1,...,yn—n of Ker(A), and let A" := (y1 yM). Then A’ is an N x (N — M)-matrix with
rank N — M, and Im(A’) = Ker(A4). Recall that ha,(A) = ha,(Ker(A)) by Corollary Hence
har(A") = ha(A).

Apply Proposition to A’. Then we get a basis x1,...,xy_ of Im(A’) = Ker(A) such that

N—-M 9 > (N=M)s/d

IT Bew) < <7T

=1

But 2/7 < 1. So we are done because Ha,(A') = Ha,(A). O

N-—M
‘DK/Q| 2d HA,.(A/).
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