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Abstract

We determine the numerical invariants of blocks with defect group Da» X Com, where Dan denotes a dihedral
group of order 2" and Cym denotes a cyclic group of order 2™. This generalizes Brauer’s results [2] for m = 0.
As a consequence, we prove Brauer’s k(B)-conjecture, Olsson’s conjecture (and more generally Eaton’s
conjecture), Brauer’s height zero conjecture, the Alperin-McKay conjecture, Alperin’s weight conjecture and
Robinson’s ordinary weight conjecture for these blocks. Moreover, we show that the gluing problem has a
unique solution in this case.
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1 Introduction

Let R be a discrete complete valuation ring with quotient field K of characteristic 0. Moreover, let (7) be the
maximal ideal of R and F := R/(w). We assume that F' is algebraically closed of characteristic 2. We fix a
finite group G, and assume that K contains all |G|-th roots of unity. Let B be a 2-block of RG with defect
group D. We denote the number of irreducible ordinary characters of B by k(B). These characters split in
k;(B) characters of height i € Ny. Here the height of a character x in B is the largest integer h(x) > 0 such
that 2"(00|G : Dy | x(1), where |G : D|, denotes the highest 2-power dividing |G : D|. Finally, let I(B) be the
number of irreducible Brauer characters of B.

If D is a dihedral group, then all invariants of B are known (see [2]). Thus, it seems natural to consider the
case, where D is a direct product of a dihedral group and a cyclic group. We write
n—1 m
D := <f£,y,2 | 12 = y2 = 22 = [.’E,Z] - [y,z] = 13 yl‘y71 = 1’71> = <£U,y> X <Z> = DQ” X C?"‘a

where n > 2 and m > 0. In the case n = 2 and m = 0 we get a four-group. Then the invariants of B have been
known for a long time. If n = 2 and m = 1, D is elementary abelian of order 8, and the block invariants are
also known (see [9]). Finally, in the case n = 2 < m there exists a perfect isometry between B and its Brauer
correspondent (see [18]). Thus, also in this case the block invariants are known, and the major conjectures are
satisfied. Hence, we assume n > 3 for the rest of the paper. We allow m = 0, since the results are completely
consistent in this case.

In contrast to Brauer’s work we use a more modern language and give shorter proofs. In addition we apply
the theory of lower defect groups and the theory of centrally controlled blocks (see [I0]). The main reason that
these blocks are accessible lies in the fact that certain inequalities for k(B) and k;(B) are sharp.



2 Subsections

Lemma 2.1. The automorphism group Aut(D) is a 2-group.

Proof. This is known for m = 0. For m > 1 the subgroups ®(D) < ®(D) Z(D) < (x,z) < D are characteristic
in D. By Theorem 5.3.2 in [6] every automorphism of Aut(D) of odd order acts trivially on D/®(D). The claim
follows from Theorem 5.1.4 in [6]. O

It follows that the inertial index e(B) of B equals 1. Now we investigate the fusion system F of the B-subpairs.
For this we use the notation of [16], [12], and we assume that the reader is familiar with these articles. Let bp
be a Brauer correspondent of B in RD Cg(D). Then for every subgroup @ < D there is a unique block bg of
RQ C(Q) such that (Q,bq) < (D,bp). We denote the inertial group of bg in Ng(Q) by Ng(Q, bg).

n—

Lemma 2.2. Let Q1 = (22" ,y,2) = C2 x Com and Qa := (22", 2y,z) = C2 x Cym. Then Q; and Qs
are the only candidates for proper F-centric, F-radical subgroups up to conjugation. In particular the fusion of
subpairs is controlled by Na(Q1,bq, ) UNg(Q2,bg,) U D. Moreover, one of the following cases occurs:

(aa) Ng(Q1,bq,)/ Ca(Q1) = S3 and Ng(Q2,bg,)/ Ca(Q2) = Ss.
(ab) Ng(Q1,bq,) = Np(Q1) Ca(Q1) and Na(Q2,bq,)/ Ca(Q2) = Ss.
(ba) Ng(Q1,bq,)/ Ca(Q1) = S5 and Ng(Q2,bq,) = Np(Q2) Ca(Q2).

(b0) Na(Q1,bq,) = Np(Q1) Ca(Q1) and Na(Q2,bq,) = Np(Q2) Ca(Q2)-
In case (bb) the block B is nilpotent.

Proof. Let Q@ < D be F-centric and F-radical. Then z € Z(D) C Cp(Q) € @ and Q = (Q N (z,y)) X (2).
Since Aut(Q) is not a 2-group, @ N (z,y) and thus @ must be abelian (see Lemma [2.1)). Let us consider the
case @ = (z,z). Then m = n — 1 (this is not important here). The group D C Ng(Q,bg) acts trivially
on Q(Q) C Z(D), while a nontrivial automorphism of Aut(Q) of odd order acts nontrivially on Q(Q) (see
Theorem 5.2.4 in [6]). This contradicts Oz(Aut#(Q)) = 1. Hence, @ is isomorphic to C5 x Com, and contains
an element of the form x'y. After conjugation with a suitable power of x we may assume @ € {Q1,Q2}. This
shows the first claim. The second claim follows from Alperin’s fusion theorem.

Let S < D be an arbitrary subgroup isomorphic to C3 x Cam. If z ¢ S, the group (S, 2) = ({S,2) N (x,y)) x (2)
is abelian and of order at least 23, Hence, (S, 2) N (x,y) would be cyclic. This contradiction shows z € S.
Thus, S is conjugate to Q@ € {Q1,Q2}. Since [Np(Q)| = 2™*3, we derive that Q is fully F-normalized
(see Definition 2.2 in [I2]). In particular Np(Q) Cs(Q)/Ce(Q) = Np(Q)/Q = Cy is a Sylow 2-subgroup
of Autr(Q) = Ng(Q,bg)/ Ca(Q) by Proposition 2.5 in [12]. In particular Og (Autz(Q)) has index 2 in
Autr(Q). Assume Np(Q)Ce(Q) < Ng(Q,bg). Lemma 5.4 in [I2] shows O2(Autz(Q)) = 1. If m # 1, we
have |Aut(Q)| = 2* - 3 for some k € N, since ®(Q) < Q(Q)®(Q) < Q are characteristic subgroups. Then
Autz(Q) = Ng(Q,bg)/ Ca(Q) = Ss. Hence, we may assume m = 1. Then Autz(Q) < Aut(Q) = GL(3,2).
Since the normalizer of a Sylow 7-subgroup of GL(3,2) has order 21, it follows that |Oy (Autx(Q))| # 7. Since
this normalizer is selfnormalizing in GL(3, 2), we also have |Oa/ (Aut £(Q))| # 21. This shows |Ox (Aut#(Q))| = 3
and Autz(Q) = Ng(Q,bg)/ Ca(Q) = Ss, because |GL(3,2)] =23 -3 - 7.

The last claim follows from Alperin’s fusion theorem and e(B) = 1. O

The naming of these cases is adopted from [2]. Since the cases (ab) and (ba) are symmetric, we ignore case (ba)
for the rest of the paper. It is easy to see that Q1 and ()2 are not conjugate in D. Hence, by Alperin’s fusion
theorem the subpairs (Q1,bg,) and (Q2,bg,) are not conjugate in G. It is also easy to see that Q1 and Q4 are
always JF-centric.

Lemma 2.3. Let Q € {Q1,Q2} such that Ng(Q,bg)/ Ca(Q) = Ss. Then

Co(Na(Q,bQ)) € {(2), (= 2)}.

In particular 2% € Co(Ng(Q,bg)) and 22" 2% ¢ Co(Ng(Q,bq)) for j € Z.
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Proof. We consider only the case Q = @1 (the other case is similar). It is easy to see that the elements in
Q \ Z(D) are not fixed under Np(Q) € Np(Q,bgq). Since D acts trivially on Z(D), it suffices to determine the
fixed points of an automorphism « € Autx(Q) of order 3 in Z(D). By Lemma 3.2 in [2I] Cq(«) = (a) has order
2™, First we show that a € Z(D). Suppose the contrary. Let 8 € Autz(Q) be the automorphism induced by

20 ¢ Np(Q) € Ng(@,bg). Then we have 8(a) # a. Since Baf~ = a™!, we have a(B(a)) = B(a"(a)) =
B(a). Thus, B(a) € Cq(a) = (a). This gives the contradiction S(a)a™t € D' N (a) = (x*) N (a) = 1. Now in
case m # 1 the claim is clear. Thus, assume m =1 and a = 22" " Then B acts trivially on @/{a) and « acts
nontrivially on Q/(a). This contradicts BafS~ta = 1. O

It is not possible to decide whether Co(Ng(Q,bg)) is (z) or (x2"2) in Lemma since we can replace z by

22" 2. For a subgroup Q < D and an element u € Z(Q) we write b, := buy = bgc(u)» where bgc(“) denotes

the Brauer correspondent of bg in R Cgq(u).

Lemma 2.4.

(i) In case (aa) the subsections (x°29 byi,;) (i =0,1,...,2"72 j=0,1,...,2™ — 1) form a set of represen-
tatives for the conjugacy classes of B-subsections.

(it) In case (ab) the subsections (x'27,b,i,:) and (yz7,b,,:) (i =0,1,...,2"72, j =0,1,...,2™ — 1) form a
set of representatives for the conjugacy classes of B-subsections.

Proof. We investigate the set Ag(D,bp) (see [16]) and apply (6C) in [3]. Since D € Ay(D,bp) and e(B) = 1
there are 2™*! major subsections (27,b,;) and (z*"  27,b_sn-2_;) (j = 0,1,...,2™ — 1) which are pairwise
nonconjugate. Now let Q € Ay(D,bp). As in the proof of Lemma we have Q = (Q N (z,y)) x (z) (see
Lemma (3.1) in [I6]). If @ N (z,y) is a nonabelian dihedral group, then Z(Q) = Z(D), and there are no
subsections corresponding to (@, bg). On the other hand we have @ := (z,z) € A¢(D,bp) by Lemma 1.7 in
[14]. Suppose that Autz(Q) is not a 2-group. Then m =n — 1 and D C5(Q)/ Ca(Q) is a Sylow 2-subgroup of
Autz(Q). Since Aut(D) is a 2-group, Lemma 5.4 in [I12] shows O2(Autz(Q)) = 1. However, this contradicts
Lemma 2.2} since Q is F-centric. This shows Ng(Q,bg) = D Ca(Q). For a subsection (u,b) with u € Q we must
check whether [Ng(Q,bg)NCea(u) : Q Ca(Q)] is odd. It is easy to see that this holds if and only if u ¢ Z(D). The
action of D on Q \ Z(D) gives the following subsections: (227, byi.;) (i=1,...,2"2 -1, j=0,1,...,2m —1).

Now suppose @ = Q2 and u € Q \ Z(D). Let o € Autx(Q) be an automorphism of order 3. As in the proof
of Lemmawe have Cq(«) C Z(D). Thus, ua(u)a(u) € Co(a) C Z(D). It follows that a(u) € Z(D) or
a~l(u) € Z(D), since Z(D) has index 2 in Q. Let 8 € Autx(Q) be the automorphism induced by 22"~ €
Np(Q) € Ne(Q,bg). Then one of the 2-elements aSar™! or ™! v fixes u. This shows 2 | [Ng(Q, bg) N Cq(u) :
Ca(Q)| for every u € Q). Hence, there are no subsections corresponding to (Q2,bq,). In case (aa) the same
holds for (Q1,bg, ). This proves part . Let us consider @ = @ in case (ab). By way of contradiction, suppose
Q ¢ A¢(D,bp). Then we get the same set of representatives for the conjugacy classes of subsections as in
case (aa). In particular the subpair ((y),b,) is conjugate to a subpair ({u),b,) with u € Z(D). However, this
contradicts Alperin’s fusion theorem. Hence, @ € Ao(D,bp). Then we have |[Ng(Q,bg) N Ca(u) : Q Ca(Q)| =
IND(Q) Co(Q) N Calw) : Ca(Q)] = [Ca(Q)(Np(Q) N Ca(u)) : Co(Q)] = INp(Q) N Ca(u) : Q) for u € Q. Thus,
we have to take the subsections (u,b) with u € Q@ \ Z(D) up to Np(Q)-conjugation. This shows part (). O

3 The numbers k(B), k;(B) and [(B)

Now we study the generalized decomposition numbers of B. If I(b,) = 1, then we denote the unique irreducible
modular character of b, by ¢,. In this case the generalized decomposition numbers dy, for x € Irr(B) form a
column d(u). Let 2% be the order of u, and let ¢ := (5 be a primitive 2¥-th root of unity. Then the entries of
d(u) lie in the ring of integers Z[(]. Hence, there exist integers al' := (al(x))yenr(n) € Z"?) such that

(3

2k=1_1q

dy,, = Y al()¢"

1=0



We extend this by

e

a;ﬂrzk,l = —a
for all i € Z.
Let |G| = 2% where 2 { . We may assume Q({|¢) € K. Then Q({|¢) | Q(¢r) is a Galois extension, and we
denote the corresponding Galois group by

G := Gal(Q(¢ja)) | Q(¢))-
Restriction gives an isomorphism
g Gal((@(cga) | Q).

In particular |G| = 2¢=1 For every v € G there is a number ¥ € N such that ged(7,|G|) = 1,5 =1 (mod 7),
and v((g|) = Clle hold. Then G acts on the set of subsections by

Y(u,b) == (u”,b).

For every v € G we get

d(u”) =) at(yl (1)

sES
for every system S of representatives of the cosets of 28717 in Z. It follows that
at =217 " d(u)) ¢y (2)
YEG
for s € S.
Next, we introduce a general result which does not depend on D.
Lemma 3.1. Let (u,b,) be a B-subsection with |(u)| = 2% and I(b,) = 1.
(i) If x € Irr(B) has height 0, then the sum

is odd.
(ii) If (u,by) is major and k < 1, then 2"X) | dy,., = ag(x) and 2h()+1 tdy,, forall x € Irr(B).

Proof. Let @ < D be a defect group of b,. Since I(b,) = 1, we have |Q|m§&’b“) = dy,, d%,, for the contribution

mg&’b“) (see Eq. (5.2) in [I]). Assume that x has height 0. By Corollary 2 in [4] it follows that

Q%) =1Q|(x"*),x), #0 (mod (7))
and dy, # 0 (mod (7)). Since (5x =1 (mod (7)), the sum is odd.
Now assume that (u,b,) is major and k£ < 1. Then dy, = ag(x) € Z for all x € Irr(B). If ¢ € Trr(B) has height
0 (¢ always exists), part shows that d}jj% is odd. By (5H) in [1] we have 2h(x) | |D|m§z;;b“) =q d}jwu and

XPu
2h(0+1 4 ‘D|m§z;;b“). This proves part (). -

Lemma 3.2. Olsson’s conjecture ko(B) < 2™+2 = |D : D'| is satisfied in all cases.

Proof. Let v € G such that the restriction of 7 to Q((za) is the complex conjugation. Then 27 = 2~!. The block
b, has defect group (z,z) (see the proof of (6F) in [3]). Since we have shown that Autrz((z,z)) is a 2-group,
b, is nilpotent. In particular I(b,) = 1. Since the subsections (z,b,) and (z71,b,-1) = (271, b,) = 7(z,b,) are
conjugate by y, we have d(x) = d(z7) and

af(x) = aZ;(x) = —agn—2_;(x) (4)



for all x € Irr(B) by Eq. (I). In particular a%, ;(x) = 0 (cf. (4.16) in [2]). By the orthogonality relations we
have (d(z),d(z)) = |(x,z)| = 2"~ On the other hand the subsections (z,b,) and (z%,b,:) = (z*,b,) are not
conjugate for odd i € {3,5,...,2""2 — 1}. Eq. implies

(af,af) = 22079 3" (d(a7),d(a)) = 220- D22 (d(2), d(z)) = 27+

v,0€G
(cf. Proposition (4C) in [2]). Combining Eq. (4) with Lemma we see that af (y) # 0 is odd for characters
X € Irr(B) of height 0. This proves the lemma. O

We remark that Olsson’s conjecture in case (bb) also follows from Lemma [2.2} Moreover, in case (ab) Olsson’s
conjecture follows easily from Theorem 3.1 in [19].

Theorem 3.3. In all cases we have
k(B) =2"(2""" +3), ko(B) =271, ky(B) =2m(2" "2 —1).
Moreover,
1 in case (bb)
I(B)=1<2 in case (ab) .
3 in case (aa)

In particular Brauer’s k(B)-conjecture, Brauer’s height zero conjecture and the Alperin-McKay conjecture hold.

Proof. Assume first that case (bb) occurs. Then B is nilpotent and k;(B) is just the number k;(D) of irreducible
characters of D of degree 2! (i > 0) and [(B) = 1. Since Cam is abelian, we get k;(B) = 2™k;(Dan). The claim
follows in this case. Thus, we assume that case (aa) or case (ab) occurs. We determine the numbers I(b)
for the subsections in Lemma and apply (6D) in [3]. Let us begin with the nonmajor subsections. Since
Autr((x,z)) is a 2-group, the block b, ., with defect group (z, z) is nilpotent. Hence, we have [(by:.;) = 1 for
alli=1,...,2"2 ~1and j=0,1,...,2™ — 1. The blocks by.i (j=0,1,...,2™ — 1) have Q; as defect group.
Since Ng(Q1,b0,) = Np(Q1) Ca(Q1), they are also nilpotent, and it follows that I(b,,;) = 1.

We divide the (nontrivial) major subsections into three sets:

U:i={a2" 2% :j=0,1,...,2" 1},
Vi={:j=1,...,2m -1},
W= {22 22t j=0,1,... 2" —1}.

By Lemmal[2.3|case (bb) occurs for by, and we get I(b,) = 1 for u € U. The blocks b, with v € V dominate unique
blocks b, of R Cg(v)/(v) with defect group D/(v) = Dan x Com (| such that 1(b,) = I(b,) (see Theorem 5.8.11
in [I3] for example). The same argument for w € W gives blocks b,, with defect group D/(w) = Dgn. This allows
us to apply induction on m (for the blocks b, and b,,). The beginning of this induction (m = 0) is satisfied by
Brauer’s result (see [2]). Thus, we may assume m > 1. By Theorem 1.5 in [I4] the cases for b, (resp. b,,) and

by, (resp. by) coincide.

Suppose that case (ab) occurs. By Lemma[2.3] case (ab) occurs for exactly 2™ — 1 blocks in {b, : v € V} U {b,, :
w € W} and case (bb) occurs for the other 2™~! blocks. Induction gives

S U+ > Ubw) =Y Uby) + Y U(by) =2(2™ = 1)+ 277
veV wew veV wew

Taking all subsections together, we derive
kE(B) —1(B) =2™(2"2 +3) — 2.

In particular k(B) > 2™(2"72 + 3) — 1. Let u := 22" € Z(D). Lemma implies 270 | dy,, and
2h () +1 tdy,, for x € Irr(B). In particular dy,, # 0. Lemma ﬂ gives

2~ 4 < ko (B) +A(k(B) — ko(B) < Y (dy,,)” = (d(w), d(w)) = |D| = 2"+, (5)
x€lrr(B)



Hence, we have

XPu ) 42 otherwise

., {ﬂ if h(x) =0

and the claim follows in case (ab).

Now suppose that case (aa) occurs. Then by the same argument as in case (ab) we have

STUby) + Y Ubw) =D 1)+ Y Uby) =3(2" — 1)+ 271

veV wew veV wew

Observe that this sum does not depend on which case actually occurs for b, (for example). In fact all three
cases for b, are possible. Taking all subsections together, we derive

k(B)—1(B)=2"(2""%+3) - 3.

Here it is not clear a priori whether [(B) > 1. Brauer delayed the discussion of the possibility [(B) = 1 until
section 7 of [2]. Here we argue differently via lower defect groups and centrally controlled blocks. First we
consider the case m > 2. By Lemma we have (D,Ng(Q1,bq,),Na(Q2,bg,)) C Cg(2?), i.e. B is centrally
controlled (see [10]). By Theorem 1.1 in [I0] we get {(B) > I(b,2) = 3. Hence, the claim follows with Ineq. ().

Now consider the case m = 1. By Lemmathere is a (unique) nontrivial fixed point u € Z(D) of Ng(Q1, bg, )-
Then [(b,) > 1. By Proposition (4G) in [2] the Cartan matrix of b, has 2 as an elementary divisor. With the
notation of [I5] we have mgi)(Q) > 1 for some Q < Cg(u) = Ng({u)) with |Q| = 2 (see the remark on page
285 in [I5]). In particular @ is a lower defect group of b, (see Theorem (5.4) in [I5]). Since (u) < Z(Cg(u)),
Corollary (3.7) in [15] implies @ = (u). By Theorem (7.2) in [I5] we have mg)(<u>) > 1. In particular 2 occurs
as elementary divisor of the Cartan matrix of B. This shows {(B) > 2. Now the claim follows again with

Ineq. . O

We add some remarks. For trivial reasons also Eaton’s conjecture is satisfied which provides a generalization
of Brauer’s k(B)-conjecture and Olsson’s conjecture (see [5]). Brauer’s k(B)-conjecture already follows from
Theorem 2 in [22]. The principal blocks of D, Sy x Com and GL(3,2) x Cym give examples for the cases
(bb), (ab) and (aa) respectively (at least for n = 3). Moreover, the principal block of Sg shows that also
Co,(Ng(Q1,b0,)) # Cq,(Na(Q2,bq,)) is possible in case (aa). This gives an example, where B is not centrally
controlled (and m = 1). However, B cannot be a block of maximal defect of a simple group for m > 1 by the
main theorem in [7].

4 Alperin’s weight conjecture

Alperin’s weight conjecture asserts that I(B) is the number of conjugacy classes of weights for B. Here a weight
is a pair (@, ), where @ is a 2-subgroup of G and S is a block of R[Ng(Q)/Q] with defect 0. Moreover, g is
dominated by a Brauer correspondent b of B in RN¢g(Q).

Theorem 4.1. Alperin’s weight conjecture holds for B.

Proof. We use Proposition 5.4 in [8]. For this, let @ < D be F-centric and F-radical. By Lemma we have
Outr(Q) = S3 or Outz(Q) = 1 (if Q = D). In particular Outz(Q) has trivial Schur multiplier. Moreover,
F Outz(Q) has precisely one block of defect 0. Now the claim follows from Theorem and Proposition 5.4 in
[8]. O



5 Ordinary weight conjecture

In this section we prove Robinson’s ordinary weight conjecture (OWC) for B (see [20]). If OWC holds for all
groups and all blocks, then also Alperin’s weight conjecture holds. However, for our particular block B this
implication is not known. In the same sense OWC is equivalent to Dade’s projective conjecture (see [5]). Uno
has proved Dade’s invariant conjecture in the case m = 0 (see [23]). For x € Irr(B) let d(x) := n+m — h(x) be
the defect of x. We set k*(B) = |{x € Irr(B) : d(x) = i}| for i € N.

Theorem 5.1. The ordinary weight conjecture holds for B.

Proof. We prove the version in Conjecture 6.5 in [8]. For this, let @ < D be F-centric and F-radical. In the case
@ = D we have Out z(D) = 1 and Np consists only of the trivial chain (with the notations of [8]). Then it follows
easily that w(D,d) = k(D) = k%(B) for all d € N. Now let Q € {Q1,Q2} such that Out(Q) = Autx(Q) = Ss.
It suffices to show that w(Q,d) = 0 for all d € N. Since Q is abelian, we have w(Q,d) = 0 unless d = m + 2.
Thus, let d = m + 2. Up to conjugation N¢ consists of the trivial chain o : 1 and that chain 7: 1 < C, where
C < Outz(Q) has order 2.

We consider the chain o first. Here I(0) = Outz(Q) = Ss acts faithfully on Q(Q) = C3 and thus fixes a
four-group. Hence, the characters in Irr(Q) split in 2™ orbits of length 3 and 2™ orbits of length 1 under I(o)
(see also Lemma [2.3)). For a character x € Irr(D) lying in an orbit of length 3 we have I(c,x) = C> and thus
w(@,0,x) = 0. For the 2™ stable characters x € Irr(D) we get w(Q,o,x) = 1, since I(c,x) = Outxz(Q) has
precisely one block of defect 0.

Now consider the chain 7. Here I(7) = C and the characters in Irr(Q) split in 2 orbits of length 2 and 2" +!
orbits of length 1 under I(7). For a character x € Irr(D) in an orbit of length 2 we have I(7,x) = 1 and thus
w(Q,7,%x) = 1. For the 2™ T stable characters x € Irr(D) we get I(7,x) = I(1) = C and w(Q, T, x) = 0.

Taking both chains together, we derive
w(Q,d) = (=1)lelTigm 4 (_q)lrl+igm —gm _om —

This proves OWC. O

5.1 The gluing problem

Finally we show that the gluing problem (see Conjecture 4.2 in [I1])) for the block B has a unique solution. This
was done for m = 0 in [I7]. We will not recall the very technical statement of the gluing problem. Instead we
refer to [I7] for most of the notations. Observe that the field F' is denoted by k in [17].

Theorem 5.2. The gluing problem for B has a unique solution.

Proof. We will show that H'(Autz(o), F*) = 0 for i = 1,2 and every chain ¢ of F-centric subgroups of D.
Then it follows that A% = 0 and H°([S(F¢)], A%) = H'([S(F*)], AL) = 0. Hence, by Theorem 1.1 in [I7] the
gluing problem has only the trivial solution.

Let @ < D be the largest (F-centric) subgroup occurring in . Then as in the proof of Lemma we have
Q = (QnN{x,y)) x (). If @N {(x,y) is nonabelian, Aut(Q) is a 2-group by Lemma In this case we get
H'(Autz(c), F*) = 0 for i = 1,2 (see proof of Corollary 2.2 in [I7]). Hence, we may assume that Q € {Q1,Q2}
and Autz(Q) =2 S3 (see proof of Lemma [2.4] for the case Q = (x, z)). Then o only consists of @ and Autrz(c) =
Autz(Q). Hence, also in this case we get H' (Autz (o), F*) =0 for i = 1, 2. O

It seems likely that one can prove similar results about blocks with defect group Qon X Com or SDaon X Com,
where QQa» denotes the quaternion group and SDs» denotes the semidihedral group of order 2". This would
generalize Olsson’s results for m = 0 (see [14]).



Acknowledgment

I am very grateful to the referee for some valuable comments. This work was partly supported by the “Deutsche
Forschungsgemeinschaft”.

References

(1]
2]

13l

==

=)

18

[19]
[20]
21]

22]
23]

R. Brauer, On blocks and sections in finite groups. II, Amer. J. Math. 90 (1968), 895-925.

R. Brauer, On 2-blocks with dihedral defect groups, in Symposia Mathematica, Vol. XIII (Convegno di
Gruppi e loro Rappresentazioni, INDAM, Rome, 1972), 367393, Academic Press, London, 1974.

R. Brauer, On the structure of blocks of characters of finite groups, in Proceedings of the Second Inter-
national Conference on the Theory of Groups (Australian Nat. Univ., Canberra, 1973), 103-130. Lecture
Notes in Math., Vol. 372, Springer, Berlin, 1974.

M. Broué, On characters of height zero, in The Santa Cruz Conference on Finite Groups (Univ. California,
Santa Cruz, Calif., 1979), 393-396, Amer. Math. Soc., Providence, R.I., 1980.

C. W. Eaton, Generalisations of conjectures of Brauer and Olsson, Arch. Math. (Basel) 81 (2003), 621-626.
D. Gorenstein, Finite groups, Harper & Row Publishers, New York, 1968.
K. Harada, Groups with a certain type of Sylow 2-subgroups, J. Math. Soc. Japan 19 (1967), 203-307.

R. Kessar, Introduction to block theory, in Group representation theory, 47-77, EPFL Press, Lausanne,
2007.

R. Kessar, S. Koshitani and M. Linckelmann, Conjectures of Alperin and Broué for 2-blocks with elementary
abelian defect groups of order 8, arXiv:1012.3553v1.

B. Kiilshammer and T. Okuyama, On centrally controlled blocks of finite groups, unpublished.
M. Linckelmann, Fusion category algebras, J. Algebra 277 (2004), 222-235.

M. Linckelmann, Introduction to fusion systems, in Group representation theory, 79-113, EPFL Press,
Lausanne, 2007.

H. Nagao and Y. Tsushima, Representations of finite groups, Academic Press Inc., Boston, MA, 1989.

J. B. Olsson, On 2-blocks with quaternion and quasidihedral defect groups, J. Algebra 36 (1975), 212-241.
J. B. Olsson, Lower defect groups, Comm. Algebra 8 (1980), 261-288.

J. B. Olsson, On subpairs and modular representation theory, J. Algebra 76 (1982), 261-279.

S. Park, The gluing problem for some block fusion systems, J. Algebra 323 (2010), 1690-1697.

L. Puig and Y. Usami, Perfect isometries for blocks with abelian defect groups and cyclic inertial quotients
of order 4, J. Algebra 172 (1995), 205-213.

G. R. Robinson, On Brauer’s k(B) problem, J. Algebra 147 (1992), 450-455.
G. R. Robinson, Weight conjectures for ordinary characters, J. Algebra 276 (2004), 761-775.

B. Sambale, 2-Blocks with minimal mnonabelian defect groups, J. Algebra (to appear), DOI:
10.1016/;.jalgebra.2011.02.006.

B. Sambale, Cartan matrices and Brauer’s k(B)-conjecture, J. Algebra 331 (2011), 416-427.
K. Uno, Dade’s conjecture for tame blocks, Osaka J. Math. 31 (1994), 747-772.


http://arxiv.org/abs/1012.3553v1
http://www.sciencedirect.com/science/article/B6WH2-525Y4FX-4/2/8f1e0227a1079379640f074535c8efec
http://www.sciencedirect.com/science/article/B6WH2-525Y4FX-4/2/8f1e0227a1079379640f074535c8efec

