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Abstract

Let K := Q(G) be the number field generated by the complex character values of a finite group G.
Let Zk be the ring of integers of K. In this paper we investigate the suborder Z[G| of Zk generated
by the character values of G. We prove that every prime divisor of the order of the finite abelian
group Zk /Z|G] divides |G|. Moreover, if G is nilpotent, we show that the exponent of Z g /Z[G] is
a proper divisor of |G| unless G = 1. We conjecture that this holds for arbitrary finite groups G.
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1 Introduction

It is well-known that the complex character values of a finite group G are algebraic integers. We like
to measure how “many” algebraic integers actually arise in this way. The field

K:=Q(G) =Q(x(9): x €r(G), g G) CC

of character values of G is contained in Qeyp(c) Where exp(G) denotes the exponent of G and Q, is
the cyclotomic field generated by the complex n-th roots of unity. Let Zg be the ring of integers of K.
The character values of G also generate an order Z[G| contained in Zg (here Z[G] is neither the group
algebra nor the ring of generalized characters). The deviation of Z[G|] from Zg can be measured by the
structure of the finite abelian group Zg /Z[G]. If G is a rational group for instance, then K = Q and
Z|G] = Z = Zy. If G is abelian, then K = Qeyp(q) and Zg = Z[e>™V =1/ exp(G)] In this case it is easy
to see that Z[G] = Zk as well. On the other hand, we construct a group G of order 240 such that

Ly |Z|G] = Chy x C2y x Cty x CF x C3*

where C), denotes a cyclic group of order n. Nevertheless, our main theorems show that the structure
of Zk /Z|G] is restricted by the order of G.

Theorem A. Let G be a finite group and K := Q(G). Then the prime divisors of |Zx /Z|G|| divide
Gl

Theorem B. Let G # 1 be a nilpotent group and K := Q(G). Then the exponent of Zk |Z|G] is a
proper divisor of |G|. In particular, |G|Zk C Z[G].
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In the final section we exhibit many examples which indicate that Theorem B might be true without
the nilpotency hypothesis.

Conjecture C. Let G # 1 be a finite group and K = Q(G). Then the exponent of Zk/Z|G| is a
proper diwvisor of |G|.

2 Preliminaries

In addition to the notation introduced above, we define

Q(g) :=Q(x(9) : x € Irr(G)) (9 € G),
Zlg] := Zx(g) : x € Irr(G)],
Q(x) :=Q(x(9) : g € G) (x € Irr(G)),
ZIx] = Z[x(g) : g € G].
For number fields K C L we denote the relative discriminant of L with respect to K by dpx € Zk.
If K =Q we write dj, := dr)g as usual. We make use of the following tools from algebraic number
theory.

Proposition 1. The discriminant of any subfield of Q,, divides n¥™.

Proof. If n = p™ is a power of a prime p, then by [9, Lemma I1.10.1] the discriminant d,, of Q,
is :I:pPMA(mp_m_l), a divisor of n#(™ = pmpmfl(p_l). For arbitrary n we obtain d, | n™ from [9,
Proposition 1.2.11]. Now if K C Q, is any subfield, then by [9, Corollary I11.2.10] even d‘g":m divides
dp,. O

Although we only need a weak version of the following result, it seems worth stating a strong form.
Proposition 2. Let K and L be Galois number fields. Then

ng(dK, dL)

ged(d, dp)lir © =
KNI

Lk C ZkZy
where m := min{|KL : K|,|KL: L|}. In particular, Zx1, = ZxZy, if dx and dj, are coprime.
Proof. Most textbooks only deal with the last claim. To prove the general case we follow [9, Proposi-

tion 1.2.11]:

We consider the compositum K L as an extension over M := K N L. Note that Zg, (Zk, Z1, respec-
tively) is the integral closure of Zys in KL (K, L respectively). Let by,...,b, be a Zys-basis of Zg
and let ci,..., ¢y be a Zy-basis of Zy,. Then {bjc; :i=1,...,n,5 =1,...,m} is an M-basis of KL
as is well-known. Let a € Zg 1, be arbitrary and write

o = E aijbicj
i?j

with a;; € M for all 7, 7. Since KL is a Galois extension over Q, it is also a Galois extension over K
and over L. Thus, we may write Gal(KL|K) = {o1,...,0m} and Gal(KL|L) = {71,...,7,}. Then

Gal(KL|IM) ={os7j:i=1,...,m,j=1,...,n}



and restriction yields isomorphisms Gal(K L|K) — Gal(L|M) and Gal(K L|L) — Gal(K|M). Let
D = (Ti(bj))Zj:I EZ?{X”, a = (Tl(a)v---aTn(a)) GZ7]\1/[7 b= (Zaijcj)i_l €L”
=1 -
Then
det(D)? = det(D' D) = det((Trgar(bibs)iy)) = drejm
(here D' denotes the transpose of D and Trgar is the trace map of K with respect to M). Moreover,

Db = a. Denoting the adjoint matrix of D by D* € Z7*" we obtain det(D)b = D*Db = D*a. The
right hand side is an integral vector and so must be the left hand side. It follows that

dK|Maz-j = det(D)2aij €Zy C Lk
for all 4, j. Now by [9, Corollary I11.2.10], we have
dic = dyy " Nar(dgeipr)

where Nj; denotes the norm map of M with respect to Q. Since M is a Galois extension, the norm of
dgum is the product of all Galois conjugates of dgps in M. In particular, dgy; divides Nas(dgjar) =

dK/dL\[;:M‘ in Zps. Hence, ﬁ%j € Zyy for all 4, 5. By a symmetric argument, ﬁazj € Zys and
M M

therefore %ﬁ’d“aij € Zyp;. Hence, we derive
d(dg,d
7gc (dnfi, L)Oé EZKZL
M
as desired. O

It is well-known that Zg, = Z[(] for every primitive n-th root of unity . We also need the following
refinements.

Proposition 3 (Leopoldt, see [12, Proposition 6.1|). Let K be a number field contained in Q,,. Then
Zy is generated as abelian group by the traces

>, a(©
oeGal(K(¢)|K)
of n-th roots of unity C.

Lemma 4. Every subfield of Qon has the form K = Q(&) where £ € {¢,( £} and ¢ is a 2™-th root of
unity. The inclusion of subfields is given as follows
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If € = £, then the elements 1 and ¢+ (£0)* with k = 1,...,2""2 —1 generate Zx as abelian group.

Proof. If n <2, then K € {Q,Q4} and the claim holds with £ = ¢ € {1,+/—1}. Hence, let n > 3. By
induction on n, we may assume that K ¢ Qgn-1 and ( is a primitive 2"-th root of unity. The subfields
of Qan correspond via Galois theory to the subgroups of the Galois group

g:= Gal(Q2n|Q) = (Z/QHZ)X = 02 X 0271—2.

The involutions of G are av: ¢+ ("L =C, B: ¢ (127 = _Cand v : ¢ — (12" = —¢. Since
K ¢ Qn-1 = Q3., we must have Gal(Qan|K) € {{a),(8)}, i.e. K =Q(¢ £ ().
As remarked above, 1,(, ... ,C2n71_1 is a Z-basis of Zg,, . Hence, every x € Zy can be written in the
form
|
T = Z apCt
k=0
with ag,...,a9n-1_y € Z. Since x is invariant under o or 8, we obtain ap = —(&1)¥agn-1_; for
k=1,...,27 1 — 1. Hence,
|

z=ao+ Y ap(C"+ (£
k=1
and the second claim follows. O
Proposition 5 ([8, Theorem 3.11]). Let G be a finite group and g € G. Then the natural map

Nc((9))/Calg) — Gal(Q)g)1Q(9))

s an isomorphism.

3 General results

We start our investigation with the “column fields” Q(g). Since products of characters are characters,

we have Z[g] = erlrr(G) ZX(Q)

Proposition 6. For every finite group G and g € G we have

INa((9))/{9)|Zq(g) < Zlg]-

Proof. Let n :=|(g)| and K := Q(g) € Q,,. By Z is generated by the traces

E= Y, o

o€Gal(K (¢)|K)

of n-th roots of unity (. Let ¢ be a character of (g) such that ¢(g) = £ € K. Then by it
follows that

(9]
This implies [Ne((9))/(9)|Zx € Zlg)- O

Zlg > W) (9) = > ¥(g") =INal(g)/ (9.
zeNa((g))

The following consequence implies Theorem A.



Corollary 7. For every finite group G there exists e € N such that
G|“Zgc) € ZIG].

Proof. Clearly, Q(G) =[], Q(g). By [Proposition 1L the discriminants of the fields Q(g) for g € G
divide |G|IE!. Hence, [Proposition 2| and [Proposition 6 imply

G|*Zgc) € |G|I] H Zog) S H Zlg) C Z[G]
geG geG

for some (large) e € N. O

For specific groups one can estimate the exponent e in by using the full strength of
Propositions [1] and [2] For nilpotent groups G we will prove next that e can be taken to be 1.

4 Nilpotent groups

Lemma 8. Let G and H be finite groups of coprime order. Let K := Q(G) and L := Q(H). Then
Q(G x H) = KL, Zyp, = ZxZy, and Z|G x H] = Z[G)Z[H].

Proof. Since Irr(G x H) = Irr(G) x Irr(H), it is clear that Q(G x H) = KL and
Z|G x H] = {ny n €N, x1,..., 20 € Z[G], Y1, ., Yn € Z[H]} = Z|G)Z[H].

=1

Since K C Qg and L C Qp|, the discriminants dx and dy, are coprime according to |Proposition 1|
By we obtain Zk, = ZkZg, O

In the situation of it is easy to determine Zg,/Z|G x H| from the elementary divisors of
Zk |Z|G] and Zr,/Z[H]. For instance, if Z /Z][G] has elementary divisors 1,2, 4 (in particular, Zx has
rank 3) and Zr,/Z[L] has elementary divisors 1, 3, then

ZKL/Z[GXH]gCQ ><C4XC3XCG XCngCQ XCG XCle.

The following is a special case of Theorem B.

Proposition 9. Let G be a nilpotent group of odd order and let p1, ..., py be the prime divisors of |G].
Then
|G| Zqc) € 4Z[G]

where g = [T min{of, |Gy, }.
Proof. We may write G = P; X ... x P, with Sylow subgroups P, ..., P,. By it follows that

|G| Zgqy = |P1lZg(py) - - - | PulZop,)-

Thus, we may assume that G is a non-abelian p-group for some odd prime p. In particular, |G| > p3.
The Galois group of Q¢ (and therefore of every subfield) is cyclic. By [Proposition 5 Gal(Q(4|Q(g))
is a cyclic p-group for every g € G. Hence, the fields Q(g) are all cyclotomic and therefore they are

totally ordered. In particular, there exists g € G such that K := Q(G) = Q(g). By it



follows that NZy C Z[G] where N := |Ng({g))/{(g)|. If N < |G|/p?, then we are done. So we may
assume that N > |G|/p?. If Q(G) = Q,, then Zx = Z[\] C Z[G] for any non-trivial linear character
A € Irr(G). Therefore, we may assume that |G| > p*, |{(g)| = p? and Ng({(g)) = Cg(9) = G. By

Q(g9) = Qg = Q(¢) for some root of unity ¢. Since the regular character of G is
faithful, there exists x € Irr(G) such that the restriction x4 is faithful. Since g € Z(x), we have

x(g) = x(1)¢* for some integer k coprime to p. Then for every I > 0 we also have X(gpl) = X(l)Ckpl.
This implies x(1)Zx C Z[G]. Since |G| > p* and x(1)? < |G|, we obtain |G|Zk C p3Z[G]. O

The analysis of 2-groups G is more delicate, since it may happen that Q(G) # Q(g) for all g € G.

Lemma 10. Let G be a 2-group and g € G such that Q(g) is not a cyclotomic field. Then for every
subfield K of Q(g) there exists x € Irr(G) such that K = Q(x(g))-

Proof. We argue by induction on |G|. We may assume that |Q(g) : Q| > 2. In particular, G # 1. By
the subfields of Q(g) are totally ordered. In particular, there exists x € Irr(G) such that
Q(x(g)) = Q(g). Let Z be a central subgroup of G of order 2. Then x? is a character of G/Z and

1Q(x(9)) : Qx(9)*)] < 2. Since
Q92) = Q(¥(92) - v € ix(G/2)) € Q)

we obtain |Q(g) : Q(¢gZ)| < 2. Since |Q(g) : Q| > 2, also Q(gZ) is not a cyclotomic field. By induction,
every proper subfield of Q(g) has the form Q(v(g)) for some ¢ € Irr(G/Z). O

The cyclic group G = (g) = Cg shows the assumption on Q(g) in is necessary.
Lemma 11. Let G be a 2-group and g € G such that K := Q(g) is not a cyclotomic field. Then

MZy C 2Z[G]

where M :=max{x(1) : x € Irr(G)}.

Proof. By , there exists a primitive 2"-th root of unity ¢ such that K = Q(¢ £ ¢). Moreover,
Zy is generated by the elements 1 and & := ¢¥ + (£{)* with & = 1,...,2"~2 — 1. For every such k

there exists x € Irr(G) such that Q(x(g)) = Q(&) by It suffices to show that x(1)& is an

integral linear combination of the Galois conjugates of 2x(g). To this end, we may assume that k =1
and £ = &;.

Let d := x(1) and note that d > 1 since Q(x(g)) = Q(§) = K is not a cyclotomic field. There exist
integers ag, . .., agn-1_1 such that

| |
X(9)= > al’=a+ > al
=0 i=1

Since x(g) is a sum of d roots of unity, |ag| + ... + |agn-1_1| < d (it may happen that other roots,
even of higher order than 2", cancel each other out). The Galois group G of Qgn acts on K and on
{1(g) : 1 € Irr(G)}. Let o € G such that o(¢) = (2" = —¢. Then

s—1
w:=Y b1 = x(9) — a(x(9)) € Z[G)
i=0



where s := 2773 and b; := 2ag;41 for i = 0,...,5 — 1. Let 7 € G such that 7(¢) = ¢°. Note that
75(§) = 0(§) = —¢. We may relabel the elements b; in a suitable order such that

s—1
w=Y b€
i=0
Next we consider )
s
vi=Y bi¢Y € Zg,,.
i=0
It is known that the prime 2 is fully ramified in Qa5. More precisely, (2) = (¢* — 1) and (¢* — 1) is a
prime ideal (see [0, Lemma 1.10.1]). Let e be the 2-part of ged(bo, .. .,bs—1). Then 2+ is an algebraic
integer, but 2%7 is not. Hence, (é’y) = (¢* — 1)'p where t < s and p is an ideal of Zq,, coprime to

(¢* —1). This imphes the existence of some 0 € Zg,, such that v0 = 2em where m is an odd integer.
We write § = >0 CZC‘“ with c¢g,...,cs—1 € Z. Then

s—1

2em = vd = Z bz-ch4(i+j).
i,j=0

Comparing coefficients yields
2em if t =0,
2 b= 2 bicj_{o f1<t<s—1
itj=t itj=s—t Hlst<s—1
Finally we compute

s—1
SEUEED SIRECE SOo T ST EORERS
j=0

2,j=0 t=0 i+j=t i+j=s—t

Hence, 2emé& € Z[G]. By We also have |G|¢ € |G|Zg(y) C Z|G]. Therefore,

2e§ = ged(2em, |G)¢ € Z]G].

Note that
s—1 221 an=l_q
e < Z |bi| = Z lagit1] < Z la;| < d. (4.1)
=0 i=0 i=0

Suppose that d¢ ¢ 2Z[G]. Then d < 2e (keep in mind that d and e are 2-powers). If the first inequality
in (4.1) is strict, then 2e < Zf;& |b;| since the right hand side is divisible by e. Thus, in any case
one of the inequalities in (&.1)) is an equality. If e = 35 |b;|, then e = \b \ and w = b;7(&) for some

i €{0,...,s — 1}. Then we obtain e£ € Z[G]. If, on the other hand, ZZ 0 -l lagit1| = QE - |,
then w = 2x(g) and e£ € Z[G] by the computation above. Hence in any case we deduce that d=e.
But now x(g) = agi+17(¢) and d = 2|ag;1|. This implies d¢ € 2Z[G] as desired. O

The next result is a restatement of Theorem B.

Theorem 12. For every nilpotent group G # 1 the exponent of Zgc)/Z[G] is a proper divisor of |G|.



Proof. By and its proof, we may assume that G is a 2-group. By [Lemma 4] Q(G) = Q(¢&)
where € € {(,{+(} and ( is a primitive 2"-th root of unity. If there exists g € G such that Q(G) = Q(g),

then we obtain |G|Zq ) C Z[G] from Otherwise we have n > 3, Q(G) = Q(¢) and there
exists g € G such that K := Q(g) = Q(¢ % ¢). Moreover, there exist h € G and 9 € Irr(G) such that

on—l_1

)= Y al' ¢ K

=0

where ag, ..., aon-1_1 € Z. shows that MZy C 2Z[G]| where M := max{x(1) : x € Irr(G)}.
It suffices to prove |G|¢F € 2Z[G] for every k € Z.

Let o be the Galois automorphism of Q(¢) such that o(¢) = £(. Since ¥(h) ¢ K, we have 1(h) #
o(1(h)). We consider
an—1_1

wi=1(h) —o(p(h) = > bi(' € Z[G]
i=1

where b; = a; + agn-1_; if i is odd and b; := a; + agn—1_; otherwise. Let e be the 2-part of
ged(bo, ..., bgn—1_1). As in the proof of there exists an odd integer m such that 2emw™! is
an algebraic integer. Hence for every k € Z,

k _ k
QBmC(j(C) € ZQ(C) NQ)’ =7Zk.

We conclude that

2emM¢F = emM (¢F + o(O)F) + emM

Ck_:}’@kw € Z[G).

By [Corollary 7| there exists s € N such that |G|*¢* € Z[G]. Hence,
2eMZgy € ged(2emM, |G|*)Z[¢] € Z[G].

If b; # 0 for some i # 2" 2 then e < |b;| < |a;| + |agn-1_1] < ¥(1). Otherwise, w = 2agn—2v/—1. If, in
this case, there exists some a; # 0 with i # 2772, then e < |byn—2| < 2|agn—2|+|a;| < 21(1). Since e and
(1) are 2-powers, we still have e < 1(1). Finally, let 1)(h) = agn-21/—1 = w/2. Then we may repeat
the calculation above with 1(h) instead of w in order to obtain eMZgq) C Z[G] where e < 2¢(1). In
summary,

2M (1) Zgq) C Z[G)

in every case. Since |G| = X ey x(1)2, we have 2M1(1) < 2M? < |G|. If 2M)(1) = |G|, then
(1) = M and 1 is the only irreducible character of degree M. But then 9 is rational and we derive
the contradiction 1(h) € K. Therefore, 2M1(1) < |G| and the claim follows. O

5 Examples

We show first that is sharp in the following sense.

Proposition 13. For every prime p and every integer n > 1 there exists a group P of order p

and exponent p* such that K := Q(P) = Q2 and Zg |Z[P)] = C’I(ﬁ_l)z.

2n+2



Proof. Let P be the central product of an extraspecial group E of order p?**! (it does not matter
which one) and a cyclic group C' = (c) of order p?. The irreducible characters of P are those of E x C
which agree on Z(E) = (z) and (cP). It is well-known that Irr(E) consists of p? linear character and
p — 1 faithful characters xi,..., xp—1 of degree p" (see [6, Example 7.6(b)| for instance). Since E/E’
is elementary abelian, the linear character values of £/ and also of P generate Q,. Let ¢ be a primitive
p2-th root of unity. After relabeling, we may assume that y;(z) = p"¢? and x;(g) = 0 for g € E\ Z(E)
and i = 1,...,p — 1. Hence, the non-linear character of P take the values 0 and p"(* for i € Z. This
shows K = Q2 and

Z[G) = Z[¢P,p"¢" + ged(i, p) = 1].
Since the elements 1, ¢, ¢2,. .., Cp(p_l)_l form a Z-basis of Zg, the claim follows easily. O

already shows that neither |(g)|Zg(,) € Z[G] nor exp(G)Zg(q) € Z[G] is true in general.
Also the dual statements, motivated by X(1)Zg(y) € Z[G] and

lem{x(1) : x € Irr(G)} Zg(c) € Z[G]
do not always hold. Using GAP [5] and MAGMA [I] we computed the following example: The group
G = SmallGroup(48,3) = C? x Cs
gives K := Q(G) = Qi2 and Z[G] = Z[2v/—1,¢] where ( is a primitive third root of unity. Hence,
Zk|Z|G] = C3, but lem{x(1) : x € Irr(G)} = 3.

For a single entry w = x(g) of the character table of G the group Zg,,)/Z[w] usually has nothing to
do with G. For instance, G = Dag x C3 has a character value w such that Zg,,/Z[w] is cyclic of order
52 .157 - 547. It is not hard to show that every algebraic integer of an abelian number field occurs in
the character table of some finite group (see proof of [4, Theorem 6]).

For 2-groups the gap between G and Z g /Z[G] can get even bigger than in [Proposition 13} The exponent
and the largest character degree of G' = SmallGroup(2?,6480850) is 8, but

ZK/Z[G] = CG4 X Cg X C4.

Similarly, the group G = SmallGroup(2?,60860) yields |Zx /Z[G]| = 233.

For non-nilpotent groups, the arguments from the last section drastically fail as our next example
shows. Let
G= SmallGroup(240, 13) = 015 X D16

where the dihedral group D1 acts with kernel D}y (commutator subgroup) on Cjs. Then K = Q29
and 2Zg(4) C Z[G] for all g € G, but

Zx |ZG) = Cyy x C2y x Cy x Cf x C34,

Now we consider some simple groups which support Conjecture C.

Proposition 14.
(i) Let G = PSL(2,q) for some prime power q # 1. Then Zgq) = Z[G].

(it) Let G = Sz(q) for ¢ > 8 an odd power of 2. Then Zg)/Z|G] = C§ where a = ¢((¢* 4+ 1)(q —
1))/32.



Proof.

(i) Assume first that ¢ > 5 is odd. Then G has two irreducible characters taking only rational
values and three families x;, 6;, ni, taking (potentially) irrational values (see [3, Theorem 38.1| for
instance). Let ¢, be a primitive n-th root of unity and let e := (—1)(¢=1/2_ Set r := (¢ —1)/2 and
s := (¢+1)/2. Then the values of the x; lie in K := Q({, +(,) and they contain the integral basis
from Similarly the values of the 6; generate the ring of integers of L := Q((s + (s)-
Finally, the values of the 7 generate the ring of integers of M := Q(,/€q). The discriminants of
K, L and M are pairwise coprime by Hence, by we have

ZIG) = Zx L1 Zn = Licrar = Loc)-

For ¢ a power of 2, the result follows for PSL(2,q) = SL(2,¢) with a similar argument from [3,
Theorem 38.2].

(ii) The character table of the group G = Sz(q) was determined by Suzuki in [I1, Theorem 13]. We use
the names of characters in that theorem. Set r := q—1, s := q++/2¢+1 and t := ¢—/2¢+1 and
note that these odd numbers are pairwise coprime. Observe that Q(G) = K LM N, the composita
of the fields K = Q(X1) = Q(¢ + (), L = QY1) = QG + 2+ ¢F +¢8), M = Q(2) =
Q¢ + ¢!+ qu + Cfg) and N = Q(W;) = Q(v/—1), which have pairwise coprime discriminant by
Proposition 1} Now Zy = Z[(, +(,] = Z[X1] and Z, = Z[(s + (¢ +C5 +¢d ] = 7Z[Y1] and similarly

for Z;. Further Z[W1] = Z[Ws] = Z[2v/—1], hence Zy /Z]W;] has elementary divisors 1 and 2.

Similar to the remark following we can conclude that Zx v /Z[G] has elementary
divisors 1 and 2 each with multiplicity

o) e(s) o) w((@®+1)(g—1))
[KLM : Q| = 52527 = . 0

A minimal simple group (i.e. a simple group with all proper subgroups solvable) is isomorphic to some
PSL(2, q), to some Sz(22/*1) or to PSL(3, 3). For the last group one can check easily that Zyc) = Z[G].
Hence, for minimal simple groups G, the exponent of Zg(q)/Z[G] is at most 2.

Finally we compute Z[G] for the alternating group G = A,, of (small) degree n. Let g € G be non-
rational. Then there exists a partition A = (A1,...,A;) of n into pairwise distinct odd parts such
that

Zlg) = ZI(1 + Vd)/2]

where d = (=1)=%)/2)\; ...\, = 1 (mod 4) (see [7l, Theorem 2.5.13| for instance). We may write
Vd = eV/d' such that d' is squarefree. Let K := Q(g) = Q(v/d) = Q(/d'). Then

Zy = Z[(1 4+ Vd')/2]

and we obtain eZg C Z[g]. Note that €? | d | n! = 2|G|. Since the discriminant of K is d’ =1 (mod 2),
it follows that |Zg(q)/Z[G]| is odd by It seems fairly difficult to determine the precise
structure of Zg(q / Z[G]. For n > 25, a theorem by Robinson-Thompson [10] states that

@(G):Q(\/E:poddprime,n—27ép§n)

where p* 1= (— ) p By [Proposition 2} Zg(q) is generated as abelian group by all products of the
elements (1 + /p*)/2 with p as above. The following table lists the (non-trivial) elementary divisors
of Zg(a)/Z|G] for n < 31. In every case Conjecture C is fulfilled.
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<11 1
12,13,14 34

15 3% x 15% x 45%

16 34 x 154

17 312 9% x 45% x 135%

18 38 x 158 x 458

19 38 x 158

20 336 % 912 % 4532 x 1039528 x 31185%
21 336 % 105* x 3152

22 352 % 1058 x 31552 x 9454

23 364 % 409532

24 1

25 332 % 1532 x 31532

26 338 % 15%0 x 45%0 x 315%6 x 9458

27 3112 % 9112 % 2716

28 396 » 1580 x 4548

29 3224 % 15128

30 3128 % 105128

31 3256
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